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Abstract 

The chiral conformal field theory of free super-bosons is generated by weight one 
currents whose mode algebra is the affinisation of an abelian Lie super-algebra f) with 
non-degenerate super-symmetric pairing. The mode algebras of a single free boson 
and of a single pair of symplectic fermions arise for even|odd dimension 1|0 and 0|2 
of f), respectively. 

In this paper, the representations of the untwisted mode algebra of free super- 
bosons are equipped with a tensor product, a braiding, and an associator. In the 
symplectic fermion case, i.e. if f) is purely odd, the braided monoidal structure is 
extended to representations of the Z/2Z- twisted mode algebra. The tensor product 
is obtained by computing spaces of vertex operators. The braiding and associator 
are determined by explicit calculations from three- and four-point conformal blocks. 
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1 Introduction 



Consider the mode algebra 



b n \ = m (a, b) 5 m+nfi ■ K 



where K is central, a, b are elements of a vector space f), (— , — ) is a non-degenerate bilinear 
form on f) and m, n e Z. If the bracket is anti-symmetric and the bilinear form symmetric, 
this is the mode algebra of dim(f)) free bosons. If, conversely, the bracket is symmetric and 
(— , — ) antisymmetric, non-degeneracy requires dim(t)) to be even and ( |1.1|) is the mode 
algebra of dim(f))/2 pairs of symplectic fermions. Both cases can be treated on the same 
footing if one takes f) to be a super-vector space and (— , — ) to be super-symmetric. One 
arrives at what Kac called free super-bosons ||Kac2| . 

Denote the mode algebra (|1 . 1|) by t). Representations of f) which are 'bounded below' 
are easy to describe: they are controlled by representations of the zero mode algebra on 
the subspace of ground states. It is worth pointing out that even in the free boson case, i.e. 
when f) is purely (parity-)even, non-semisimple f)-modules are included; this is in contrast 
to the more familiar case of unitary free boson models where the action of the zero modes 
can be diagonalised. 

Starting from the category of bounded [^-representations, one can now try to use the 
monodromy and factorisation properties of conformal blocks to endow this category with 
a braided monoidal structure. Actually, as outlined in Section |TTT| below, this computation 
is very straightforward and the result is not surprising: it gives an instance of Drinfeld's 
category for metric Lie algebras specialised to the abelian case fDr , PF|| . 



The outcome is more interesting if one includes Z/2Z-twisted representations, i.e. rep- 
resentations of the mode algebra ( p..l|) with m,n e Z + |. Most of the effort (and pages) 
will be spent on this case. In the approach I will take, the existence of a braided monoidal 
structure on twisted and untwisted representations together requires f) to be purely odd. 
This is the symplectic fermion case, and the results are outlined in Section [L2] below. (If f) 
has an even component, the tensor product of two twisted representations does not satisfy 
the required fmiteness properties.) 

The main motivation behind this work is to provide the basic categorical data needed for 
the classification of conformal field theories whose chiral algebra includes the (even part of 
the) symplectic fermion vertex operator super-algebra. Symplectic fermion models are one 
of the most basic and best studied examples of logarithmic conformal field theories. They 
first appeared in ||Kaul|| and their representation theory and fusion rules were investigated 
in |FHST| , |A|, |FGST2| , [NT], |XA|, [TW|. Bulk and boundary conformal field theories 



built from symplectic fermions were studied in ||GK2 , KW , [Ru| , |BF| , |GKJ . Some recent 
works focus on the relation to models with fll(l|l) symmetry ||RS| , pX] , |CRo| , |CRi| , |GRS| . 



The results of the present paper constitute the first explicit computation of the asso- 
ciativity and braiding isomorphisms on the category of chiral algebra representations for a 
logarithmic conformal field theory. 
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1.1 Free super-bosons 

Let h be a finite-dimensional abelian Lie super-algebra with non-degenerate supersymmet- 



ric bilinear form (see Section £J] for details and conventions). The category Rep|, 1 (f)) of 



bounded-below fj-modules on which K acts as the identity (Section |2.2|) is equivalent to the 



category Rep(h) of h-modules (Theorem [2.4Q . For the sake of this introduction, we restrict 



our attention to finite dimensional h-modules and to h-modules with finite-dimensional 
spaces of ground states; this will be indicated by the superscript 'fd'. In the main text, 
this is relaxed to local finiteness. 

Let A G Rep fd (h) and B,C G Rep£\(f)). By a vertex operator from A <g> B to C we 
mean a map V(x) depending smoothly on a positive real number x, and which satisfies the 
standard mode exchange relations (Definition |3.1|) 



a m V(x) = V(x) (x m ■ a®id B + id A <g> a m ) . (1.2) 

One should think of V(x)(a <g) b) as a ground state a inserted at point x, mapping b 
into (a completion of) C. Such vertex operators can be expressed as normal ordered 
exponentials and one finds that the space of vertex operators is naturally isomorphic to 
Hom Re p((,)(A(8)_B, C), where B, C are the representations of h on the space of ground states 
of B, C (Theorem |3.12| ). Thus, as expected, the spaces of vertex operators from any two 
representations into a third are controlled solely by the action of the zero mode algebra f). 

Denote the space of vertex operators from A <g> B to C by V AB . If we fix A and B, we 
can think of this as a functor from Rep fd (h) into vector spaces. The tensor product V on 
Rep fd (h) induced by the vertex operators is defined to be the representing object of this 
functor. That is, it is an object A* B G Rep fd (h) such that Hom Rep ( [) ) (A * B, C) and V^ B 
are naturally isomorphic (as functors in the argument C). As mentioned above, Theorem 
3.12| implies V AB = Hom Rep ((,) (A <g> B,C), and so we simply have 



A* B = A®B, (1.3) 

where the right hand side is the tensor product of h-modules (Theorem |3.13|) . 

The monodromy properties of analytically continued vertex operators provide us with 
a braiding isomorphism ca,b : A * B — > B * A on Rep fd (h). Evaluating the asymptotic 
behaviour of a product V(l)V(x) of two vertex operators for x — > 1 results in associativity 
isomorphisms ctA,B,c '■ A* (B * C) — >■ (A* B) * C. These are computed in Proposition [L2] 
and Section E73] and take the simple form 



ola,b,c = i<Ia®b®c , c a ,b = t a ,b o exp ( - intt) . (1.4) 

Here, tab '■ A ® B — y B ® A is the exchange of tensor factors for super-vector spaces 
(which involves a parity sign if both arguments are odd) and Q G h <g> h is the copairing 
associated to (—,—). (The associator of super-vector spaces was suppressed in writing 
: idA®B®c '•) The exponential in the expression for the braiding converges because A <g> B 
is finite-dimensional. Indeed, this is the reason to impose finite-dimensionality in the first 
place (or at least local finiteness as in the main text). 
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It is proved in Proposition pM| that the data ( |1.4| ) turn Rep fd (f)) into a braided monoidal 
category. As mentioned above, this is a (very simple, since t) is abelian) instance of Drin- 
feld's category for metric Lie algebras. 

1.2 Symplectic fermions 

Let now f) be purely odd. In this case we include representations of the twisted mode 
algebra f) tw , which is the same as ( |1.1| ), but with m, n G Z + |. Since there are no zero 
modes, the category of bounded-below ^-representations is equivalent to the category 
SVect of super- vector spaces (Theorem |2~8l) . Consider the Z/2Z-graded category C with 
components 

C = C + Ci , C = Rep(f)) , d = SVect . (1.5) 

(Since t) is purely odd, it acts nilpotently and we can drop the assumption of finite- 
dimensionality.) As in the previous case, one defines spaces of vertex operators V^ B for 
A, B, C G C. Via the same representing object condition, one obtains a tensor product on 



C (Theorem |3.13|) : in addition to (|1.3| ) we have 




A* B 

F(A)®B G C 1 
A*B = { Ci C A®F(B) e C 1 (1.6) 

U{\))®A®B G C 

Here, F is the forgetful functor Rep(f)) — > SVect and U(t)) is the universal enveloping 
algebra of the abelian Lie super-algebra I). Since f) is purely odd, U(t)) is finite-dimensional .[] 
As above, one obtains braiding isomorphisms from the analytic continuation of vertex 
operators. In addition to ([D|) one finds (Sections f| and |6.3|): 



A B ca,b '■ A * B —7- B * A 

Co C 1 r AB oexp(f-Q^) 

c a ,b = { C 1 Co r A , B oexp(f ■ tl^) o (id A ® u B ) (1.7) 

Ci Ci e~ inI * ■ (id u{h) ® t a>b ) o exp(- f ■ Q^) o (id u(l))(g)A <g> uj b ) 

Here N is the number of pairs of symplectic fermions, N = dim(f))/2, and as above, 
G f)<8>f) is the copairing associated to (— , — ). The indices i, j in fiw) determine on which 
tensor factors the two copies of f} act. Finally, oj b denotes the parity involution on the 
super- vector space B. 

The most tedious part of the computation is to find the associator on C. This is done 
by explicitly computing the four-point blocks for the eight possible ways to choose the 
representations from Co and C\. These blocks are listed in Table |1|; they have been computed 
by conformal field theory methods, in particular by using the Knizhnik-Zamolodchikov 



1 U(t}) is the exterior algebra of f), provided f) is understood as a vector space rather than a super-vector 
space. In SVect, U(t)) is the symmetric algebra of rj (since f) is purely odd). 
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differential equation. Because these methods lie outside of the formalism set up in Sections 
H and [3], one would now have to prove that the resulting blocks indeed agree with the 
composition of vertex operators. I have only been able to do this for two of the eight 
cases and for this reason, Section [| is equipped with a - in the context of the present 
formalism, the results in Section | should be treated as conjectures. 

Nonetheless, the explicit four-point blocks allow one to determine the associativity 
isomorphisms o.a,b,c 011 C These are listed in Section |6.2| . It is proved in Theorems 
and |6.4| that the data *, a, c turn C into a braided monoidal category. This is done 



by explicitly verifying the 16 pentagon and 16 hexagon identities, or, more precisely, by 
referring to [pRl|| where this has already been done in a more general setting. 

A determined person should be able to reproduce the braided monoidal structure pre- 
sented here in the formalism of vertex operator algebras. Since the symplectic fermion 
vertex operator algebra is C 2 -cofinite ||Ab|| , the tensor product theory of |[HLZ| , [TVV|| can be 
applied. As a step in this direction, a few intertwining operators were recently provided in 
|AA|| . A treatment in this setting would have the practical and conceptual advantage that 



the general results of [[HLZ| , |TW|| would guarantee that the pentagon and hexagon axioms 
hold. 



The paper concludes with two small applications to symplectic fermions. In Section \L1 



torus conformal blocks with insertions from U{\)) and their relation to characters are dis- 
cussed. In Section [7.2| , t/(f)) is turned into an algebra in C and the resulting multiplication 
is compared to a boundary operator product expansion from ||GR| . 
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Wood for helpful discussions. Matthias Gaberdiel, David Ridout and Alexei Semikhatov 
provided many valuable comments on a draft of this paper. I would also like to thank 
the Beijing International Center for Mathematical Research for hospitality during my stay 
from mid-May to mid- June in 2011, during which most of the research presented in this 
paper was done. 



2 Mode algebra and representations 
2.1 Metric abelian Lie super-algebras 

A super-vector space over a field A; is a Z/2Z-graded k- vector space V — Vq © V\. If 
dim(V;) = rii, we write dim(V) = n + ni, sdim(V) = no — ri\, and we also say that V has 
dimension n \ni. Let 

k m \ n := (k m ) ®(k n ) 1 (2.1) 

be the standard m|n-dimensional super-vector space over k. Given a homogeneous element 
v of a super-vector space V, we write \v\ G {0, 1} for its parity; in formulas involving \v\ it 
is implicitly understood that v is homogeneous. 
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Denote by Hom(V, W) the space of all even linear maps from V to W. The category 
SVect has super-vector spaces over k as objects, and Hom(V, W) is the space of morphisms 
from V to W. It is a symmetric monoidal category with symmetry map 

T V ,W : V® W -»■ W ® V , T V ,W{V®W) = (-l)HH -W®V . (2.2) 

The full subcategory of finite-dimensional super-vector spaces is denoted by SVect td . 

In a Lie super-algebra g, the Lie bracket is an even bilinear map [— , — ] : x g — > g which 
is anti super-symmetric. That is, the parity of [a, b] is |a| + and [a, b] = — (— l)l a ll b l [6, a]. 
For more on Lie super-algebras, see |[Kacl| , |Sch|| . An example is End (V), the space of all 



linear maps from V to V, which is itself a super-vector space. The Lie bracket is given by 
the super-commutator, [A, B] = AB - {-l)\ Am BA, for A, B e End(V). 

Let {ej}i £ x be a homogeneous basis of g and fix an ordering on X. By the Poincare- 
Birkhoff-Witt Theorem for Lie super- algebras (see [BcH, §2.3]), a basis of the universal 
enveloping algebra U (g) is given by 



m > and zi(<) i 2 (-<) • • • (^) z m j , (2.3) 

where the strict inequality ik < ik+i is imposed if ei k and ei k+1 are odd. 

A metric Lie super-algebra is a pair (g, (—,—)), where g is a Lie super-algebra over 
a field k and (— , — ) : s x j - y k is an even, non-degenerate, invariant, supersymmetric 
pairing. That is, the pairing is non-degenerate and it satisfies 

• (a, b) = if \a\ ^ \b\ (even), 

• (a, b) = (— l)' a " b '(6, a) (supersymmetric), 

• ([a, 6],c) = (a, [b, c]) (invariant). 

Definition 2.1. Let ([),(—,—)) be a metric abelian Lie super- algebra over C. The affini- 
sation f) of f) is the super-vector space f) (8) Cf^ 1 ] © CAT, where t is a parity-even formal 
parameter, together with Lie bracket 



«m, &rj — m i a , b) S m+n fi ■ K , where ®t m for i6f), m6Z, (2.4) 

and where the generator K is central. 

Remark 2.2. The two simplest cases are when f) has dimension 1|0, in which case f} is the 
mode algebra of a single free boson, and when f) has dimension 0|2, in which case f) is the 



mode algebra of a single pair of symplectic fermions [|Kaul| , [Kau2| . Note that dimension 



1 1 is not allowed as there is no non-degenerate supersymmetric pairing. 

A representation of a Lie super-algebra g is a super-vector space V together with an 
even linear map p : g — > End (V) which is a homomorphism of Lie super-algebras. The 
map p will usually be omitted from formulas. We will make use of three abelian categories 
of ^-representations: 
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Rep(h) All ^-representations and all f)-intertwiners. 

Rep(h) lf The full subcategory of h-representations which are locally finite: 
for any vector v in the representation, the subspace U{\)).v is 
finite- dimensional . 

Rep(f)) fd The full subcategory of finite-dimensional ^-representations. 

For [) 7^ {0}, none of these categories is semisimple, irrespective of the dimensions of the 
even and odd component of t). For example, t/(f)) is in Rep(f)) but not in Rep(f)) lf . And 
the 'filtered dual' U n>0 Un(ty)* C U(t))*, where U n (t)) is spanned by words of at most n 
generators, is in Rep(h) lf but not in Rep(h) fd . 

For the rest of this paper we fix the following conventions: 

• All vector spaces will be over the complex numbers. 

• We fix a non-zero finite-dimensional abelian metric Lie super-algebra f) with pairing 
(—,—); f) refers to the affinisation of f). 

• We choose a homogeneous basis {a % }i e x of f) and denote by {/3*}j 6 i the dual basis in 
the sense that 

{<* i ,F) = 6 i j . (2.5) 

• The copairing for (— , — ) is denoted by Q, 

VL = ^p l ®a l e |j<g>f) . (2.6) 

iex 

Note that since = (-l) latl 5 id , the basis dual to {^} ieX is {{-l^W}^. The 

copairing is independent of the choice of basis. In particular, 

n = Y J {-^^®^ = r^{Sl) . (2.7) 
2.2 Untwisted representations 

Definition 2.3. An {^-representation M is bounded below if for each x G M there exists 
N x > such that 

a m! a m 2 ' ' ' a m L x = for all L > , o'ef), mi G Z with mi H V m L > N x . 

The abelian category of ^-representations which are bounded below and on which K acts 
as the identity map will be denoted by Rep 1)1 (f)). 
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In other words, if M is bounded below, each element x of M is annihilated by ev- 
ery sufficiently positive composition of modes, where the total degree can depend on x. 
One important property of M G Repj ll (h) is that the grading operator H can be defined 
(cf. gagg , Sect. 3.5]): 

H = J2Y,P-m<- ( 2 - 8 ) 

m>0 ieX 

For any x G M, the infinite sum over m in Hx reduces to a finite sum. The operator H 
satisfies [H, a m ) = —ma m for all a G f), m G Z. 

Let {)>o be the subalgebra of f) spanned by all a m with m > 0. A representation R of f) 
becomes a representation of f)> © CK by declaring that a m acts as zero for m > 0, that a 
acts as a G J), and that acts as the identity. With this convention, we define the induced 
f) representation of R as 

Ind(it!) = 17(6) ^> eCK) R ■ (2-9) 

By construction, Ind(i?) is an f)-module which is bounded below. On morphisms / : R — >■ S 
of {)-modules induction acts as Ind(/) = id v ^ ®u{^ >0 ®ck) f ■ 

Theorem 2.4. Ind : Rep(f)) — > Rep bl (f)) is an equivalence of C-linear categories. 



For the convenience of the reader, in Appendix |A.1| we adapt the proof in ||FLM 



Sect. 1.7] and [Kac2, Sect. 3.5] to the present (non-semisimple) setting. The inverse equiva- 



lence is given by passing to the subspace of singular vectors or ground states in an f)-module 
M, that is, to the subspace of all vectors in M annihilated by all a m with m > 0. 

Let Rep 1 b l (f}) (resp. Rep^f))) be the full subcategory of Rep b l (f)) consisting of rep- 
resentations M whose subspace of ground states is locally finite as an f)-module (resp. 
finite-dimensional). Then also 

Ind:Rep lf (f))^Rep^(l)) , Ind : Rep fd (f}) -> Rep^f)) (2.10) 

are equivalences. 

Remark 2.5. Let C be the trivial ^-representation. Then Ind(C) can be turned into a 
vertex operator super-algebra with stress tensor T = | P-i a -i^-i see |FLM] , Sect. 1.9] 



and [|Kac2| , Sect. 3.5]. (Actually, there is a family of stress tensors parameterised by ()o, the 



even part of fj.) The resulting action of the Virasoro algebra on modules M G Rept, 1 (f)) is 



iex fcez< 



L = lJ2^ a o + H ' C = sdim(f)) • z7 M . (2.11) 



iex 



The above expression for L m , m ^ 0, makes the normal ordering explicit. It can also be 
written more compactly as 

L m = 1 1 J2J2^<-k- (2-12) 
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This follows from basis independence, since, for k + l ^ 0, Y2iexPk a i = Siex( — l)' ai ' a z/^fc = 

The induced (^-module Ind(-R) for an h-module R is a direct sum of if-eigenspaces, with 
H as in (|2.8| ). 

Ind(i?) = Ind(i?) m , where H\ lnd(RU = m ■ id lnd{R)rn . (2.13) 

m£Z> 

Note that Ind(-R) is in general not a direct sum of L -eigenspaces (and not even of gener- 
alised L -eigenspaces, e.g. if R = U(t))); for H this does not happen as it does not involve 
zero modes. We will denote the algebraic completion of the above direct sum asQ 

5d(i2) = JI lnd(R) m . (2.14) 

meZ> 

Thus, elements of Ind(i?) are finite sums of homogeneous vectors of distinct degrees, while 
elements of Ind(T) can be formal infinite sums of such vectors. The restricted dual of 
Ind(i?) is defined as 

Ind(i2)' = (Ind(i2) m )* C Ind(i2)* . (2.15) 

m£Z>o 

The space Ind(-R)' becomes an /i-module which is bounded below by setting, for ip G Ind(i?)' 
and v G Ind(-R), 

(a m <p)(v) = (-1)^ ip(-a. m v) . (2.16) 

2.3 Indecomposable representations for f) of dimension 0|2 

Let f) = C ' 2 with basis x + ? X~ an d pairing (x + ;X~) = 1- The mode algebra f) is (in the 
notation of ||Kau2| , Sect. 2.1]) 



[x^xS=mrt m+IIi o , where d+~ = 1 , d~+ = -1 , d ++ = d~ = . (2.17) 

The indecomposable representations in Rep|, d 1 (^) can be described explicitly. By Theorem 
|2.4| we reduce the problem to finding the indecomposable representations in Rep fd (f)). The 
latter are classified in |[ZN]| . On the other hand, if f) has dimension 0\2n with n > 1, the 



representation type is wild and indecomposable representations cannot be classified. 

To prepare the classification, we need to introduce two series of representations of 
f} = C°l 2 : " 



2 There is a potential pitfall with the above definition of Ind(i?) which originates from using the H- 
grading instead of the (in general non-existent) Lo-grading. Namely, consider the case t) = C 1 ' and R = 
TOgZ C m , where C m is the one-dimensional f)-module on which the generator of f) acts by multiplication 
by m. Then the vector l m g C m has Lo-eigenvalue \nv L and _ff-eigenvalue 0. The infinite sum X^mez bn 
is therefore an element of the algebraic completion of Ind(i?) with respect to the Lo-gradation, but it is 
not in the completion with respect to the iJ-gradation, i.e. X^mez 4- Ind(i?). Since the Lo-gradation is 
often used in conformal field theory, this point should be kept in mind. 
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• The representations £&, E)( $, where k G Z> and e, 5 G {0,1}, have underlying vector 
space V = C fc+e+<5 l fc+1 . Fix a basis e^, e 1 , . . . , e k , of Vo, where the basis vector 

is present only for e—1, and the basis vector e' 5 ' is present only for 5=1 (and 
e 1 , . . . , e k are present only for k > 1). Fix also a basis o 1 , . . . , o fc+1 of Vi. Then 

X + e 4 = o* +1 , = for 1 < % < k , x ± o l = for all i , 

X + e [£] = o 1 , X ~e [£] = , X + e [5] = , x~e [5] = o k+1 . (2.18) 

The subspace annihilated by both x + an d X~ is which has dimension 0|/c+l. The 
corresponding subspace of £k,e,s®& has dimension fc+l|0. Thus the representations 
£k,e,s an d ^fc,£,<5 ® C ' 1 are all mutually non-isomorphic. 

• The representations rj^n, where fi G C x and n G Z>o, have underlying vector space 
V = C n ' n . Denote by e 1 , . . . , e n the standard basis of Vo and by o 1 , . . . ,o n the 
standard basis of V\. Then x + acts via a 'Jordan block' and x~ is 'diagonal': 

x + e i = t i-o i + o i+1 for 1 < i < n , x + e n = /i ■ o n , x~ ^ = o i , (2.19) 

and again x ±0 * = for all i. The subspace annihilated by both x + an d X~ is ^i °f 
dimension 0|n, and so r^ Min and rj^ <g> C ' 1 are all mutually non-isomorphic. 

We can ask whether r\^ n could be isomorphic to some £k,e,s with k = n—1. Comparing 
fl2.18|) and ( |2.19| ), we see that this would require e = 0, S = 1 (to make x~ into an 
isomorphism Vq — > VI) and in particular \l = 0, which is excluded. 

The representation U(fy) and U(ty) <g) C ' 1 are the only indecomposable representation 
on which x + X~ ac t s non-trivially [[ZN| . In particular, it cannot be isomorphic to one of 
£fc,e,<5 or Vn,n or their parity shifted counterparts. 

We can now present: 

Theorem 2.6. I\ZN\/ Every non-zero finite- dimensional indecomposable representation of 
p) = C ' 2 is isomorphic to precisely one of 

1. £,k,e,s, where k G Z>o and e, 5 G {0, 1}; its dimension is k+e+5 \ k+l, 

2. rj^^n, where fx G C x and n G Z>o/ rfs dimension is n\n, 

3. the regular representation of i) on U{\)) of dimension 2\2, 

or to C ' 1 tensored with one of the representations in 1.-3. 

The two irreducible representations are £o,o,o ® C ' 1 of dimension 1|0 and £o,o,o of di- 
mension 0|1. Their projective covers are U(t)) and U(fy) Cg> C ' 1 , respectively. 
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2.4 Twisted representations 

Let f)tw be the Lie algebra 1) <g> (t^C^ 1 }) © CK. We write a m := a ® t m , where now 
m G Z + ~. As before, .fT is central and 

[a m , 6 n ] = m (a, 6) 5 m+nfi , where a, 6 G f) , m, n G Z + \ . (2.20) 

A bounded-below (^-representation and the category Rep bl (f) tw ) are defined in the 
same way as in the untwisted case of Definition [2l3| . For a representation M G Rep b x(f)tw) 
one can define the endomorphism H as in (|2.8|) , but with the sum over positive m in Z+ \ . 

Remark 2.7. (i) In conformal field theory language (or vertex operator algebra language), 
h tw is the mode algebra for a representation around which the currents have the Z/2Z- 
monodromy a(z) h-> —a(z), see |PFMS| , ^a| and |[FLM] , Sect. 9] for the purely even and 



||Kau2|| for the purely odd case, 
(ii) The Virasoro algebra acts on M G Rep b l (h tw ) via C = sdim(h) • idu and 

Since ^ tw contains no zero modes, the induction functor now starts with a super-vector 
space. Namely, let f} t w,>o be the span of all a m with m > 0, let f) tWi >o act trivially on a 
super-vector space V, and let K act by the identity map on V . The f) t w- m °dule induced 
by V is then 

Ind tw (V0 = f/(f) tw ) ®^ i>oe ciO K • ( 2 - 22 ) 
Via the same argument as in Appendix |A.1| we obtain: 

Theorem 2.8. Ind tw : SVect — > Rep bl (^ tw ) is an equivalence of C- linear categories. 

In particular, since SVect is semisimple with two simple objects (namely C 1 ' and C ' 1 ), 
so is Rep tl (f) tw )- As in the untwisted case we define Repj^fitw) as the full subcategory 
of representations with a finite dimensional subspace of ground states. By construction, 
RepJ^fjtw) is equivalent to SVect id . 

Just as Ind(i?) for an h-module R, the induced modules Ind tw (Ar) for a super- vector 
space X are direct sums of if-eigenspaces lnd tw (X) m (m G Z> ) and we have X = 
Ind tw (A A )o. Denote by Ind tw (AT) the direct product of if-eigenspaces. The restricted dual 
Indtw {X)' is turned into a bounded-below h tw -modu\e by the same definition as in the 
untwisted case. 



3 Vertex operators and the tensor product functor 

This section and Section |5] form the technical core of the paper. In this section, spaces 
of vertex operators are defined and computed. These spaces determine the tensor prod- 
uct functor and the braiding isomorphisms. The composition of two vertex operators, 
computed (and partially conjectured) in Section will later on fix the associator. 
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3.1 Vertex operators 

From Theorems [2.4| and ^T8] we see that the Z/2Z-graded category of representations of 
the untwisted and twisted mode algebra is equivalent to Rep(f)) and SVect, respectively. 
In the following we will only deal with locally finite [^-representations. This is necessary 
to ensure convergence of exponential series of zero modes occurring below. To abbreviate 
the notation, let us set 

C = C + Cx , where C Q = Rep lf (()) , C x = SVect . (3.1) 

Definition 3.1. Let A,B,C £ C. A vertex operator from A,B to C is a map V with 
source and target as in 

ABC 

a) C C Co K>o x (A <g> Ind(5)) Tnd(C) 

b) Co Cx C x R >0 x (A® Ind tw (E)) -)• md^(C) 

c) Cx C Cx M> x (A®Ind(S)) -> Ind tw (C) 

d) Ci Ci C M> x (A®Ind tw (5))^ Ind(C) 

such that 

(i) for all x G K.>o, V^(x) is an even linear map; for all a G A, 6 G Ind( tw )(i?), 7 G 
Ind( tw )(C') / , the function x H- (7, V(x)(a <g) 6)) from M >0 to C is smooth; 

(ii) L_i oV(x) — V"(x) o (zd^^L-i) = -^V(x), where 4:V(x) is defined in terms of matrix 
elements as in (i); 

(iii) for all a G f), 

• For all m G Z (case a) or m G Z+| (case b) 

a m o V(x) = V(x) o (x m ■ a & id + id ® a m ) (3.2) 

• For all m G Z (case c) or m 6 ^+5 ( case d) 

r(a)^ o V(x) = ix^- V(x) o (id ® T(a)£+) , (3.3) 

where T(a)^ £ = £~ (Y )(-^)" £fc • a m+ek for e G {±1}. 

The vector space of all vertex operators from A, B to C will be denoted by V^ B . 

Remark 3.2. (i) Here, the commutation conditions in part (iii) are taken as a definition, 
but they are really obtained from the usual contour deformation argument. For cases 
c) and d) this is detailed in Section [B.3| . Note that in cases c) and d) of part (iii), for 
u G Ind( tw )(C), the infinite sum in T{a) x ^~ 1 u does not truncate because the modes a m _fc 

become arbitrarily negative. Nonetheless, because the if -grading is bounded below by 0, 
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the contribution of T(a) ! \iU in each graded component of Ind( tw )(C) is a finite sum. 



(ii) In the theory of vertex operator algebras, one considers intertwining operators which 
have Ind(A) ® Ind(-B) as source instead of just A <g> Ind(fi). Logarithmic intertwining 



properties are treated in |[M11| , [HLZ| , |TW|| . In the present explicit and simple example, I 
found it more straightforward to use the restricted definition above. 

(iii) Vertex operators for twisted representations have been considered in many places in 
various contexts (though not precisely in the one treated here, to my knowledge). A small 
selection of references is [ |b'LM| , Sect. 9] and | |DG1V1| , |Xu| , pal |GR| |. 



Let P gs be the map which projects to the ground states of an induced representation. 
That is, for A e C we have P gs : Ind( tw )(A) -»■ A. Denote by F : Rep(/i) -> SVect the 
forgetful functor which takes a representation of f) to the underlying super-vector space. 
To relate the spaces of vertex operators to morphisms in C, define the map 



G 



V A,B 



b) 
c) 
d) 



.4 
Co 
Co 
Ci 
Ci 



B 
Co 
Ci 
Co 
Ci 



c 

Co 
Ci 
Ci 
Co 



Hom Rep ((,) (A <8>Re P ([)) -B, C) 
Hom(F(v4) (g) 5, C) , 
Hom(A <g) F(B), C) , 
Rom(A(g) B,F(C)) . 



as 



G(V) = P p oV(l)| il8 fl : A®B^C 



(3.4) 



(3.5) 



The tensor product A^^^B in case a) stands for the tensor product of ^-representations. 
The underlying super- vector space is A <g> B and the action is via the coproduct A(x) = 
x <g> 1 + 1 g) x (i6 fi) on (/([)). That the image of G in case a) is indeed an f)-intertwiner 



R n , consider the product W = Ri ® R 2 



follows from condition (iii) in Definition |3~T . 

Given ^-representations Ri, 
define, for 1 < i,j < n, 



R n and 



(3.6) 



kex 



where {f3 k ) <y ^ acts on Ri and (a k )^ acts on Rj. With these notations, we can describe the 
restriction of vertex operators to ground states. 



Proposition 3.3. Let V G Vab an< ^ f 
the form 



G(V). Then V restricted to ground states takes 



V{x) 




/oexp(ln(x) -fi (12) ) , 
/oexp(- lln(ar) • , 
/oexp(- |ln(x) -n^) , 
exp(iln(x)(-^ + fi( n ))) 



(3.7) 



each of which is an even linear map A® B — )■ C . 
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Proof. In each of the four cases, we will give a first order differential equation which is 
satisfied by both sides of ( |3.7|) . Since for x = 1, both sides of ( |3.7|) are equal to /, this will 
prove the proposition. 

By condition (ii) in Definition [3.1| we have, for all ground states 7 6 C*, a e A, b G B, 

£(7, V(x)(a ® &)) = -(7, V(x)(a <g> L_i&)> . (3.8) 



From ( 2.11 ) and ( 2.21 ) we see that 

L-ib = J2f 3 -A b (Be C ) , L_ l b = \^f3 i _ 1 _a i _ 1 b ( 3 - 9 ) 



Case a). By condition (iii) in Definition O we have 

( 7 ,V r (x)(zd® (/31 1 4))(a®6)) = -x" 1 (7, F(a;) (/f g> aj)(a ® &)) 



(3.10) 



so that (7, V(x)(a £g> L-\b)) = —x 1 ( , y,V(x) o fi( 12 )(a £g> 6)). The resulting first order 
differential equation -^P g& ^(^)U(giB = x ~ 1 Pgs ^(x) o {I^Ia^b is solved by expression 
a) in (g3). 

Case 6J. Applying condition (iii) twice gives 



(-y,V(x)(id® (/3iia l _i))(a®6)) = ar 1 ^, V(x) ((/3V) <g> id) (a <g> 6)) 



(3.11) 



so that ^igs U(x)|a®b = — |^ 1 -fgs V(x) o Q^\a<sb- This is solved by case b) on the 
right hand side of Q3.7p. 

Case cj. In condition (iii) we defined T(f3 l ) x li = /3 t _ 1 — |x _1 /3q + . . . , so that 

(j,V(x) (id®(pl x o? Q ))(a®b)) 

= (7, V(x) (id ® (T(/?X' 1 + aj ) ))(a ® 6)) + fx" 1 (7, (id ® ($aj))(a ® 6)) . (3.12) 
The first summand vanishes by condition (iii) and we are left with -^P gs V(x)\a®b — 

-\x- l p zs oV{x)on^\ 

a®b- This shows case c) in ( |3.7|) . 
Case d). Here, T(fi l ) x _[ = (?_ x — \x~ l P>\ + Using this and condition (iii), we find 



(j,V(x) {id® (/3iia 4 _ 1 ))(a®6)) 
2 2 

= -iar-5( 7 , T^)*' - (id ® ali)(o ® 6)) + -aT 1 ^, U(x) (id <g> (M«ii))(a <g> 6)) 



(7, $ l/(x) (id ® r(a*)*t)(a ® 6)) + ±(/3\ a^aT 1 ^, V(z)(a ® 6)) 

2 

-x-^7, /3 l a V(x)(a ® 6)) + i(-l) |Ql| x~ 1 ( 7 , ^(s)(a ® 6)) . 



(3.13) 



Thus, o U(x)|a®b = x - |sdim(f))} oP gs o V^Ia®^ which shows case d) 

in O. " □ 



15 



3.2 Two examples: f) of dimension 1|0 and 0|2 
Single free boson 

Take f) = C 1 ' and choose J e f) with (J, J) = 1. The affinisation f) is the mode algebra for 
a single free boson [J m , J n ] = m 5 m+n)0 K. Let C p be the one-dimensional representation of 
fj for which J acts by multiplication with p. Let v p be a highest weight vector in Ind(C p ) 
and let a be a highest weig ht vector in Ind tw (C). From (gH|) and (^2l|) one sees that the 
eigenvalue of C is 1 and that 

L v p =\p 2 v p , L a=±(r, (3.14) 

as required for the conformal weights of a primary field in the untwisted and twisted sector 
of a single free boson. Then Q( 12 \v p eg) v q ) = pq- v p ® v q , etc., and Proposition jO| gives: 



a) ( v* , V(:r) (u p ®v q )) = (const) • 5 r ^ p+q x pq 

b) ( a* , V(rc) (-Up <g> a) ) = (const) • x~^ p2 



_, , (3.15) 
cj ^ cr* , V (x) (er <8) ) = (const) • x * q 



d) ( v* , V(x) (cr ® cr) ) = (const) • x s + 



2 ' 



Each of these is of the form (a*, V(x)(6(8>c)) = (const) -x ha hb hc , where h a is the conformal 
weight of a as given in fl3.14|) . The factor S r>p+q in case a) arises as according to (|3.4|) , G(V) 



has to be an f)-intertwiner from C p ®C g to C r , and these can only be non-zero for p + q = r 
(charge conservation). 

Single pair of symplectic fermions 

Take f) = C ' 2 with basis x ± an d metric (x + , X~) = 1 as in Section |2.3| . This amounts to a 
single pair of symplectic fermions. According to (|2.11 ), the central charge is c = —2. The 
copairing (|2.6j) and its powers are 



Sl = X -®X + -X + ®X- , fl 2 = -2'(xV)®()(V), Q n = 0(n>2). (3.16) 

Consider the 2|2-dimensional regular representation /7(f)). To match the usual nomen- 
clature for symplectic fermions (as e.g. in | pKl| , |Kau2| , pK] ), let us write 1 = u for the 
unit in U(i)), as well as 

tt = L tu = - X + X~u ■ (3.17) 
(The notation in |GK1| , [Kau2| , |GR| | is Q instead of Cl, but this could be confused with the 



copairing). Then a basis of /7(f)) is {u,x +UJ >X fl}. Case a) in Proposition [O] - with 
A — B — C — /7(f)) and applied to a; <g) a; - becomes 

f o e ln W- Q(12) (w ® w) = f(u + ln(x) • <g> x + w - x + w <g> x~w) 

- (ln(x)) 2 • /(fi® Cl) (3.18) 
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for an f)-intertwiner / : U(fy) <g> U(fj) — > t/(f)). To describe all such intertwiners, we need 
a little lemma on Hopf algebras. Recall Sweedler's notation for the coproduct A (a) = 

E(«) a(i) ® 0(2)- 

Lemma 3.4. For a i/op/ algebra H in SVect, the following map is an isomorphism: 
Hom(H,H)^Kamjta P ( H) (H®H,H) , g H> (a <g> 6 H> a (1) ■ g(S(a {2 )) • 6)1 • 

(a) 

Proof. Denote the above map by </?. Firstly, to see that y?(g) is an if -module map, compute 
f(g) (A(c) • (a ® 6)) = c ( i)0(i)</(5 , (c(a)0(2))c( 3 )6) 

(a),(c) 

= ^ c (1) a (1) o(5(a ( 2))5(c ( 2))c (3) 6) 

(a),(c) 

( = ] ^ca(i)(/(iS , (a(2))6) =c-v?(fl , )(a®6) . (3.19) 

(a) 

In step (*) the property Yu(x) S( x (i)) x (2) = £ ( x ) ' 1 °f the antipode was used. 

Injectivity of ip follows from ifi(g) (1 <8> 6) = #(&)• For surjectivity, let f : H ® H ^ H 
be an if -module map. Then for g(x) = /(l <g> x) we have 

^)(a^6) = ^a (1) /(l®% 2) )6) ( = } ^ /(a (1) ® a (2) S(a (3) )&) ( =/(a®&) • (3.20) 

(a) (a) 

Here, (*) is the intertwining property x ■ f(u ® v) = f(A(x) ■ u ® v ) of /, and (**) is the 
property Yl<x) S( x (i)) x (2) = £ ( x ) ' 1 °f the antipode. □ 

The above lemma shows that the most general t) intertwiner U{Vi) ®U{\)) — » £7(fj) is of 
the form f(a®b) = J2( a ) a (i)9{S( a {2))b) for an arbitrary even linear map g : U(fy) — > U(t)). 
The various copro ducts in U(f)) are 

A(1) = 1®1 , A(^) = X ± ®1 + 1®X ± , 

A(x + ;T) = (x + x^) ® 1 + x + ® X" - X~ ® X + + 1 ® (x + X~) • (3.21) 
Inserting all this into ( |3.18| ) gives (recall that u = 1 in £/(())) 

/ o exp(ln(x) ■ n {12) )(u ® w) = o(w) + ln(a;) ■ (x~a(x + ^) - X + 0(x~w) + 2a(x + x~u;)) 

- ln(x) 2 • OeVsOt+X - ")) , (3.22) 

in agreement with ||GR| , Eqn. (D.6)]. For example, if g maps the basis vector Cl to u> and 
the rest to zero, we have the following three-point functions for the vertex operator V(x): 

< oo* , V(x) (lo <g> w)) = -2 ln(x) , 

< (x^)* , (u;®u;)} = 0, 

(fi*, 7(ar) (w®w)> = -ln(x) 2 , (3.23) 

where (— )* denotes elements of the dual basis. 
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3.3 Normal ordered exponentials 

This section contains a formulation of vertex operators in terms of normal ordered exponen- 
tials which can accommodate non-semisimple representations and parity odd generators. 

Untwisted representations 

For f) purely even (the free boson case), and when restricting to irreducible representa- 
tions, the vertex operators are the text-book normal ordered exponentials (see Example 
|3.7| below). Vertex operators between indecomposable representations are constructed in 
Mi2| , Thm. 7.4]. The new contribution here is to allow for odd directions. 



To start with, we need the following map:Q 

Lemma 3.5. Let R,S,T€L Rep(h) and let f : R <8> S — >■ T be an t)-intertwiner. There is a 
unique even linear map Qf\R® Ind(S') — > Ind(T) such that 

1. for all r G R, s G S we have Qf(r (g) s) = f(r <8> s), 

2. for all a G f) , m G Z we have a m oQ/ = Q/° (<5 m ,o ■ a ® id + id ® a m j . 

If Qf exists, it is clear that it is unique since by property 1 and 2, for all a 1 G f), rrii > 0, 

Qf(r ®a\ mi ..-a k _ mk s) = (_1)H(I» 1 I+-+I-*D a\ mi ■ • ■ a k _ m J(r ® s) , (3.24) 

and the vectors a l _ mi ■ ■ ■a k _ mk s span Ind(S). The existence proof is also easy but uses 
some notation introduced in the appendix and is therefore moved to Appendix A.2 . From 
property 2 we see that 

HoQ f = Q f o(id R ®H). (3.25) 



Write R ® Ind(S') for the algebraic completion of R ® Ind(S') with respect to the id <g> H- 
grading. The above equality shows that Qf extends to a linear map Qf : R <g> Ind(5') — > 
Ed(T). 

We now turn to exponentials of modes. To ensure these are well-defined we restrict 
ourselves to locally finite representations for the domain of the exponential maps. Pick 
thus 

R, S G Rep lf (h) , T G Rep(h) . (3.26) 



3 In the context of free boson vertex operators (assume that f) is 1 1 0-dimensional for simplicity), the 
map Q is usually written as exp((const)-7ro), where ttq is an additional operator which is conjugate to clq 
in the sense that [a m , ttq] = 8 m ,o- Here we avoid the problem of specifying what space ttq acts on and give 
Q directly. 
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Define the three maps 

E+{x) = exp(5^^J^^®c4) : R ® Ind(S) -> J2 g> Ind(S) , 

m>0 i 

= exp ( ln(x) • ^ ff' ® ap) ■ R®Ind(S)-+R®lad(S) , (3 27) 

i 

E_(x)=exp(j2^Y,P i ® a ™) : R®^d(S)-+R®Ind(S) . 

m<0 i 

The map E + (x) indeed has image in R <8> Ind(S') since on a given element of R ® Ind(S'), 
the exponential reduces to a finite sum. For -Eo(x), note that [zd^ ® i7, ^ /3* <S> a l ] = 
and pick an zc? (g) if-eigenvector v of Cg) Ind(5). Since R, S £ Rep lf (f)), the subspace of 
the (id (g) if )-eigenspace generated by the action of (5 l ® «J on t; is finite-dimensional, and 
so the exponential E converges to an endomorphism on that subspace. Finally, we define 

Vf(x) = Q f oE-(x)oEo(x)oE + (x) : R <8> Ind(5) ->• Tnd(T) . (3.28) 

Lemma 3.6. V/ a vertex operator from R, S to T. 

Before turning to the proof, let us recover the more accustomed free boson case: 

Example 3.7. Single free boson, f) = C 1 ' : Let C p denote the irreducible representation 
of J-eigenvalue p as in Section |3~2"1 . Choose R = C r , S = C s . We have Q = J <g> J and so 
J ® J m acts on R <g> Ind(S') as r J m . The normal ordered exponential (|3.28 ) becomes 

V f (x) = x rs ■ Q f exp(r ^ ^J m ) exp(r £ ^J m ) , (3.29) 

m<0 m>0 

which is the more familiar expression for vertex operators in the free boson case. 



The notation needed for the proof of lemma |3.6| will be set up slightly more generally in 
order to avoid repetition later on. Fix representations Ri, . . . , R s G Rep lf (f)) and consider 
the product 

W = Ri ® R 2 ® • • • ® R s -i ® Ind(i? s ) . (3.30) 

For a G f) let a 1 -*) be the endomorphism which acts as a on the z'th tensor factor and 
as identity on the others, e.g. = a £g> id R2 <g> ■ ■ • £g> «rfi n d(K 3 )- We will also write o™ = 
id^®- ■ •®AdR s _ 1 ®a m . Similar to (|3.6|), on a product of the form W we set, for 1 < i,j < s, 



where {ct k } and is the dual basis pair from Section |2.1| . For m/0 define £m S '' 
exp( 2 ^f2m S ' 1 ). The normal ordered exponentials in ( 3.27|) , acting on the i'th and the last 
factor in the product W, can be written as 

El s \x) = J] Ei s \x) , Et \x) = exp(ln(x)^ s) ) , E« s \x) = J] E%\x) (3.32) 

m>0 m<0 
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With this notation, the vertex operator ( |3.28| ) is V} = Qf o E_(x) o Eq 12 \x) o E+ 2 \x). 
We shall need that for all h G f), m, n G Z, 

« s) = £ * ^ fc ) (i) = £(-i) o**) (i) * («") (s) 
it it 

= £(-lfP*l ((-if ftjO + [/&), (a J)W]) 

fe 

= flW/iJO + mU,o5](-l) |k|lfl (^ fc )-^) (i) 

= + mSrr^oh® . (3.33) 

In the last step we used the second of the sum rules (h G f)) 

fc k 

Since [/iW, f2n S ^] = 0, the identity (|3.33|) implies that for n^O, 

a,-" , 

^ 4 4S) (^) = } (*) ^ S) (^)- 1 h$ EM{x) = EM{x) e - a (/#) 

= E™{x) ( ^ + x m 5 m+n , • h® ) . (3.35) 



Proof of Lemma |ff. 6| . We need to verify the properties in case a) of Definition |3J]. Condi- 
tions (i) and (iii) are easy, (ii) takes a small calculation. 

■ Condition (i): In a given matrix element, E±(x) result in finite sums and E (x) is smooth 
for each summand. 



■ Condition (iii): For m = this is immediate from property 2 of Qf in Lemma |3.5| and 
for m/fl combine property 2 with (|3.35|) . 

■ Condition (ii): As usual one verifies that [L m ,a n ] = —na m+n for all a G f) and m, n G Z 
(combine (frij), (PH|) and (ggg)). From this it follows that for m ^ 

[M®^,^*)] = [^®i-i,SE^®<]^ 12) (^)=^ m ^- ) i^ 12) (^) • (3-36) 

fe 

Note that we implicitly used [0„^-i> fim 2 '*] = for all m G Z. (In the twisted case this will 
cause a complication for m — ~, see Lemma |3.9| below.) It follows that 

-l 

[id® = ( £ ^" mfi m-i)^-(^) > 

m=— oo 

[id® L_i,E (x)] = , 

oo 

[id = (E^ W ^-i)^+(^) • (3-37) 



m=l 



20 



For the ^-derivatives, on the other hand, we find 

-1 n 



m=— oo 

A £ ; ( a; ) = x- 1 ^ 12) 4 12) (x) 



m=— oo m=— oo 



m=l m=2 

From this we read off 

[id®L^, E4x)E (x)E+(x)]+dl? E4x)E (x)E+(x) = £(E_{x)E {x)E + {x)) . 

(3.39) 

The difference will cancel against a corresponding term coming from Qf. Namely, 
L-i Q f = Q f E E 2 ( 5fc .o^ ® irf + irf ® $0 ( 5 * .-i a< ®id + id® a -k-i) 

= Q / (OL 1 ? + id <g> , (3.40) 



where (*) amounts to combining the expression ( |2.12|) for L_i with property 2 in Lemma 



375| . Together, ( |3.39| ) and ( |3.40| ) establish condition (ii). □ 



Twisted representations 

The construction of vertex operators from (untwisted) x (twisted)— > (twisted) proceeds par- 
allel to the untwisted case. To start with, define the map Qf via: 

Lemma 3.8. Let R G Rep(f)) and X, Y G SVect and let f : R ® X Y be an even linear 
map. There is a unique even linear map Qf\R® Ind tw (X) — > Irid tw (F) such that 

1. for all r G R, x G X we have Qf(r <g) x) — f(r <8> x), 

2. for alla<E§,m<E'L+ \ we have a m o Qf = Qf o {id <g> a m ). 

The proof is a simplified version of the proof of Lemma |3.5| given in Appendix [A.2| (due 
to the absence of zero modes) and has been omitted. 

Fix R G Rep lf (fj) and X, Y G SVect. As before, the reason to take R locally finite is to 
make the normal ordered exponential well-defined. Define maps E + (x) : R £g> Ind tw (X) — >■ 
i?®Ind tw (A) and E_(x) : i?®Ind tw (A) — > R<g> Ind tw (A) by the same expressions as E±(x) 
in ( |3.27| ), except that the summand m lies in Z + ^. The expression for E is different from 
the untwisted case, namely 

E {x) = exp ( - \ Mx) : R ® Ind tw (X) R ® Ind tw (A) . (3.41) 

Finally, set 

V f (x) = Q f oE_(x)oE (x) o E + (x) . (3.42) 
If f) = C 1 ' and R is one-dimensional, this agrees with [ DUM] , Eqn. (3.16)]. 
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Lemma 3.9. Vf is a vertex operator from R,X to Y. 



Before giving the proof, let us adapt the notation used in the untwisted follows. 
On a product W as in ( |3.30| ) with i?j G Co for i = 1, . . . , s — 1 and R s G C\ define Vtm^ 1 as 



in ( p3T1) , but with meZ+|. If we write E < t\x) = exp(^fi£ s; ) for m G Z + §, the 
expressions for JB±, -Eo take the form 



is). 



X 



m>0 



m<0 



(3.43) 

The commutation relations ( |3.33| ) and ( p.35[ ) still hold, but now with m, n G Z + |. Finally 
we need the following identity, which is an immediate consequence of (|3.33| ): for all 1 < 

i,j < s 

[fig?,^] = ra5 m+nfi -n^ . (3.44) 
This identity holds for m, n G Z and m, n G Z + ~ alike. 



Proof of Lemma 3J) . Condition (i) in case b) of Definition 34. holds by construction and 
condition (iii) is immediate from property 2 of Qf in Lemma |3.8| and ( |3.35| ). It remains to 
verify condition (ii). As in ( [3.361 ) i n the untwisted case, one checks that for m ^ ~ 



[id®L^,E^\x]] = x~ m ^%E^\x). 



(3.45) 



For m = | this fails as and [L_i, fl^ ] do not commute. To treat this case, first note 
that [id <8> L_i, fiP^l = — l^-i/2 anc ^ then verify inductively that 



[id L_ x , (n$r] = -f • (ngjr 1 - ^ ■ 



n-2 



From this one finds an extra contribution to (|3.45|) in the case 



m 



[id®L^, E[f 2 >(x)] = (x~*n [ _l 
Altogether this gives 



(12) 
/2 



1 ™-l 



rt u ~>) E[ 



i . 

2' 

(12). 
/2 1 



X 



(3.46) 



(3.47) 



[id (g) L_i, .EL (a; 



-1/2 



[id® L_i,-E (x)] = , 

oo 

[id®L- U E + {x)]=-\x- x nWE+(x) + ( ^ aT™^^ 



[X 



(3.48) 



m=l/2 



For the x-derivatives the above complication of non-commuting modes does not arise as all 
modes Vtffl with m > commute amongst themselves, and the same holds for all modes 
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with m < 0. Thus we simply get (after shifting the summating index as in ( |3.39| )) 







1/2 


■4-E_ 

ax 


[x) 


-(£ 

m=— oo 




[x) 








oo 




[x) 








m=3/2 



,(12) 



B + (x) . (3.49) 



It follows that 

[id®L_i,£_(aO£ (z)£ + (aO] = i(E4x)E {x)E + {x)) . (3.50) 



From property 2 in Lemma one sees that L_iQf = Qf(id <8> L-i), and together this 



establishes condition (ii). □ 
3.4 Tensor product functor 

The tensor product functor will be defined indirectly via representing objects. Recall that 

C = C + d , where C = Rep lf (I)) , C x = SVect . (3.51) 

The map C x C x C — > Vect, (A, B, C) V^ B becomes a functor, contravariant in the first 
two arguments and covariant in the last, if we assign to a triple of morphisms (f,g,h) : 
(A, B, C) -> (A', B\ C) the linear map V£ fl = 5d^(/i) o (-) o (/®Ind (tw) (p)) from V£ jB , 
to VJb. 

Definition 3.10. The tensor product A * B of two objects A, E 6 C is the representing 
object in Rep(f)) + SVect for the functor Vj[ B '■ C ~~ >* Vect. 

We will see in a moment that for X, Y G C% the representing object X * Y is a locally 
finite f)-module if and only if (j is purely odd. This will be discussed in more detail in 
Remark |3.15| below. 



Remark 3.11. A tensor product theory for logarithmic modules is developed in ||HLZ| , 



TW]. In both approaches, the tensor product is a representing object for spaces of inter- 



twining operators (by definition in | |MLZ| , Def. 4.15] or as a consequence in [ [1 W| , Thm. 28]). 



By definition, the tensor product of A, B e C is an object A * B <G Rep(f)) + SVect, 
together with a family of natural isomorphisms (in C) {^ab\c&Ci where 



: Horned * B, C) V% B . (3.52) 
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If they exist, representing objects are unique up to unique isomorphism. Since V^ B is 
functorial in A, B, the tensor product V can be defined on morphisms as 



1C 



Romc(A'*B',C)^V% BI 



(-M/*9) 



01b 



vft (3.53) 



Home (A * B, C) — ^ V%b 

where / : A — > A', g : B — > B' and for all C. In other words, / * g : A * B — > A' * B' is 
obtained by specialising to C = A' * B' and acting on idA>*B r - 

f*g = (PiTr 1 o v f d g o p%:e; (icwo . (3.54) 

The main technical tool in finding the representing objects is the map G defined in 



We will need: 



Theorem 3.12. The map G in (|3.5| ) is an isomorphism. 

Proof. Injectivity: Let V G V^ B and set / = G(V). We need to show that / = implies 
V(x) = for all x. Proposition |3.3| shows that if / = 0, then the restriction of V(x) 



to ground-states is zero. But using condition (iii) in Definition 3T , any matrix element 
(j,V(x)a C8> b) for a G A, b G Ind( tw )(_B), 7 G Ind( tw )(C)' can be reduced to a sum of 
polynomials in x^ multiplying matrix elements of V(x) on ground states only. The latter 
are zero, and so V(x) = 0. 



Surjectivity: From the explicit construction of Vf via normal ordered exponentials in ( p. 28 ) 



and ( |3.42| ) we can read off directly that G(Vf) = f, so that G is surjective in cases a) and 
b). For cases c) and d) the proof of surjectivity is more tedious and has been moved to 
Appendix |A.3[ . □ 



Using this result, it is easy to give the tensor product in each of the cases a)-d): 

Theorem 3.13. The tensor product A * B can be chosen as follows (F is the forgetful 
functor): 





A 


B 


A* B 






a) 


Co 


Co 


A ®Rep(t)) B 


G 


Co 


b) 


Co 


C x 


F(A) g> B 


G 


Ci 


c) 


C-i 


Co 


A ® F(B) 


G 


Ci 


d) 


Ci 


Cx 


U{\])®A®B 


G 


Rep(h) 



A* B — < s r r A^rpfr>\ c (3.55) 



yl possible choice for the corresponding natural isomorphisms (3^ B is 

A B (3C B (f) 

a) C C G- 1 (/)oexp(ln(4)fi( 12 )) 

fl c . ; J b) Co C a G- 1 (/)oexp(-ln(4)^ 1 )) 

'■^■■ / ' c) d Co G- 1 (/)oexp(-ln(4)fi( 22 )) ^ 5bj 

d) Ci Ci G~\fo (1 ®id)) 
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In case d), 1 is the unit ofU{\)) 



A quick comment before giving the proof: omitting all the factors involving the unnat- 
ural looking ln(4) gives another possible choice for the natural isomorphisms /3. However, 
these factors are chosen with hindsight to make the associator as simple as possible. 

Proof. It remains to show that f3^ B is natural in C in cases a)-d) and that it is an 
isomorphism in case d). Let us start with the latter statement. For R G Rep(f)) and 
X G SVect we have the adjunction isomorphism Hom(X, F(R)) = Hom Rep (f,)({7 (fj) ®X, R) 
which sends the even linear map g : X — > R to the f)-module map a <g> x i— > a.g(x). Its 
inverse sends / : U(f)) ® X — » R to x i— )■ /(l £g> x). The map /3 is the composition of this 
inverse with G _1 . 

In cases a)-c), naturality amounts to checking that for all / : C — > C the diagram 



c Ind (tw) (/)o(-) 



G 



g (3.57) 



Horn (A <g> 5, C) ^U- Horn (A ® B, C") 

commutes. (In case a) the image of G actually lies in Hom Rep ((,) .) Substituting the definition 
of G in ( p.5| ) shows that fl3.57| ) is implied by / o P gB = P gs o Ind( tw )(/). 

For case d) we need to supplement this by another commuting diagram. Namely for 
all A, B e SVect, C, C' e Rep(f)) and / : C -)■ C' an f)-intertwiner, 



Horn (A ® B, C) ^ ^ Hom(A ® C") 



Hom Rep((l) (U(t)) ®A®B,C)^2 Hom Rep(( , ) (C/(^) ® A <g> B, C") 



(3.5J 



commutes. This is immediate from the definition of the isomorphism given above and the 
f)-intertwining property of /. □ 

Example 3.14. (i) Single free boson, () = C 1 ' : Let C p be the irreducible representation 
of J-eigenvalue p as in Section |3j. Let T = C 1 ! be the one- dimensional even super-vector 



space in C\. The tensor product given in Theorem |3.13j reads 



* C q = C p+q , b) C p * T = T , c) T * C p = T , d) T *T = U(i)) . (3.59) 



In case d), the space Homc(T * T, C p ) = Hom Rep ((,) (U(f)), C p ) is one-dimensional for all 
p G C, as required. However, the universal enveloping algebra Z7(f)) is not locally finite 
and thus not an object of Cq. 

(ii) Single pair of symplectic fermions, f) = C ' 2 : Since f) is purely odd, U(\j) is finite 
dimensional and the tensor product closes on C. In SVect, U(ty) is the symmetric algebra 
of f); if we forget the parity-grading (i.e. apply the forgetful functor to vector spaces) then 
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[7(f)) becomes the exterior algebra of f). Let T = C 1 ' G Cx be one of the two simple objects 
in C\. Case d) again states that T *T = U{\)). This corresponds to the statement that in 
the W^-model (the even part of a pair of symplectic fermions) the fusion product of the 
irreducible representation of lowest Lq- weight — | with itself gives the projective cover of 

GK1|| (in the notation used there, (V_i, 



the vacuum representation 



1/8 Jf 



Ho) 



Remark 3.15. (i) As illustrated in the example above, the tensor product X * Y, for 
X, Y G Ci, lies in C (i.e. is locally finite) if and only if f) is purely odd. In the latter case 
we are dealing with symplectic fermions and the corresponding vertex operator algebra is 
C*2-cofinite [Ab]. For general f), the tensor product * (together with the associator given 
in Section p.3| ) turns Co into a tensor category and C\ into a bimodule category over Co- 
One can extend the definition of * to all of Rep(h) + SVect by the same expressions as in 
( p.55| ). However, this will cause problems with the associators as these involve exponentials 
of see Section Ol below. 



(ii) For f) purely odd (the symplectic fermion case), the dimension of the spaces of vertex 
operators V AB for A,B,C simple was derived in the vertex operator algebra setting in 
||AA| . The Z/2Z x Z/2Z rule found in [|AA|, Thm. 5.7] is recovered in the present setting 



as follows: Denote by II the parity shift functor on SVect and as above let T G C\ be the 
even simple object in SVect. The four simple objects in C (for f} purely odd) are 



1 , III G Cn 



T , HT G d 



(3.60) 



If we think of 111 and T as generators of a Z/2Z x Z/2Z, one can verify from Theorem 3.13| 
that for A, B, C simple, dimHom(yl * B, C) is 1 if the three corresponding group elements 
add to and it is else. Note, however, that this does not mean that the tensor product 
of simple objects is simple. Indeed, T *T = U(t)), which is simple only for fj = {0}. 

In the following we will denote the vertex operator corresponding to / : A * B — > C by 
V(f;x). More specifically, we set 



V{f]-) = P C A M) : R >0 x(A®Ind (tw) (5))^Ind (tw) (C) . 



(3.61) 



Note that V(f; — ) restricted to ground states looks slightly different from the expressions 
in Proposition |Q| due to the ln(4)-factors in f3^ B . The explicit expressions are: 



P gs oV(f-x) 



\A®B 





A 


B 


a) 


Co 


Co 


b) 


Co 


Ci 


< c) 


Ci 


Co 


d) 


C x 


C x 



/oexp(- (|ln(x) +ln(4)) -fi( n )) 

Cx Co /oexp(-(|ln(x)+ln(4))-fi( 22 )) 

exp (| ln(x) (-^ + Q^)) o / o (1 <g> id A9B ) 

(3.62) 
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4 Three-point blocks and the braiding 



We have now gathered enough information about vertex operators and tensor product to 
extract the braiding and associativity isomorphisms. We will do this as usual ||MS|| by 



investigating the behaviour of three-point conformal blocks under analytic continuation 
(braiding) and that of four-point blocks under taking different limits of coinciding points 
(associator). 

The formalism in Sections || and || has not been developed far enough to apply the gen- 
eral approach of [ HLZ | or [ rW |, which would guarantee that we obtain a braided monoidal 
structure on the category of representations. One down-side of the present approach there- 
fore is, that we have to check pentagon and hexagon explicitly; this is done in Section ^. 
On the plus side, the present approach allows one to arrive at an explicit answer with basic 
means and in not too many pages (though, it appears, still quite a few). 

Let A, B,C G C and let / be morphism from A * B to C . By a conformal three-point 
block on the complex plane, restricted to ground states, I mean a function of the form 

u{f; z,w):= P gs o V{f; z-w)\ Am : A® B ^ C , (4.1) 

where 

(z,w) e C sUt -.= {(u,v) eCxC\u-v (£ il< } . (4.2) 

That is, z — w is non-zero and does not lie on the negative imaginary axis. The function v is 
initially defined for z — w real and positive, and is then extended by analytic continuation. 
The restriction that (z, w) has to lie in C s n t is to some extend arbitrary. It was made to, 
firstly, make the domain of u(f] z, w) simply connected, and, secondly, to single out a path 
for the analytic continuation which exchanges z and w. 



To extract the braiding - or rather a map c that will lead to the braiding in Section 
- we will implement the following procedure. Suppose for now that A,B e C and consider 
a conformal block u(f; z, w) for / : A* B — ^ C . Think of this as U A inserted at z and B 
inserted at u>" . We take u(f; z,w) to be initially defined for z, w G M. and z > w. In this 
situation, U A is inserted to the right of B n . We then analytically continue z/(/; z,w) to all 
of C s i; t . This allows one to evaluate i>(f] z, w) for z, w G K with z < w, i.e. for 11 A inserted 
to the left of B" . The result can be compared to a conformal three point block z/(/', w, z) 
for /' : B * A — > C and w, z G K, w > z. 

If we allow A or B to be objects in C%, the above procedure should be modified slightly. 
To explain how, we first need to look at the Z/2Z-automorphism ip of the mode algebra f) 
(resp. fjtw)- The automorphism tp acts as ip(K) = K and <p(a m ) = —a m for all a G f) and 
m G Z (resp. m G Z + ~). The pullback of representations along tp gives a Z/2Z-action 
on Rep(f)) and Rep(f) tw ). Next we will transport the pullback functor to C. Let / be any 
automorphism of f) and R G Rep(f)), X G SVect. Then we have natural isomorphisms 

rind(R) f ~ 1&dR ) Ind(r^) , rind tw (X) r ^ ldx ; Ind tw (X) . (4.3) 
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Figure 1: Convention for the position of the branch cut for currents a{z) in the presence of a 
single twist field insertion a(x). 

In more detail, the first isomorphism is 

/* lnd(R) = f U(t)) ®u( h > ecK) R = f U(lj) f ® u( y o(S cK) f R 

f ~ 1&dR > m ®ufaaCK) f R = Ind(ri^) • (4.4) 

The same holds for f) tw with the additional observation that f) tw ,>o acts trivially on super- 
vector spaces, so that actually /* o Ind tw = Ind tw . Write G((p) for the pair of functors 
((p* It,, Id) on C + C\. The above argument shows that induction relates the pullback by 
the Z/2Z- automorphism (p to the functor G on C. 

For A E Cj write \A\ = j and let (p° = id, tp l = ip. We will abbreviate ' A lB : = 
G(^' A ')(-B). The modification of the above analytic continuation procedure is that /' 
should be taken to be a map from * A to C. In the present setting, this may seem a 
moot point since one easily checks from ( |3.55| ) that in all four instances * A is equal to 



B* A (and not just isomorphic). The following remark gives a reason to include G anyway. 

Remark 4.1. Suppose we were to consider conformal blocks which are not restricted to 
ground states and which may have current insertions. For the currents we need to fix a 
convention for the branch cuts close to a twist field insertion (i.e. an insertion labelled by 
a representation from Rep(h tw )). Let us agree that the branch cut is along the negative 
imaginary axis, shifted to the insertion point of the twist field, see Figure |l| From this 
point of view, the Z/2Z- action appears in the braiding if during the analytic continuation 
of insertion points, one of the points moves through a branch cut. This is illustrated in 
Figure |2|. The combined process of analytic continuation of insertions in a conformal block 
and of rearranging the branch cuts turns the pair of representations M, N labelling the 
insertions into (ip\ M \)*N and M. 

The outcome of the analytic continuation procedure is summarised in the following 
proposition (recall the map ta,b '■ A® B — > B <g> A from fl2.2|) ): 



Proposition 4.2. Let A,B,C G C. For each f : A * B — )■ C there exists a unique 
f : l A LB * A — >■ C such that, for all x, y 6 K. with x > y, 

v(f;y,x) = v(f , ;x,y)oT A>B : A®B^C . (4.5) 



28 



■i- -l X- 




Figure 2: Analytic continuation of insertions in a conformal block for the three cases involving 
twisted representations. In cases b) and c) the action of the currents on the insertion of N at 
point w is twisted by the Z/2Z- automorphism ip. 



Furthermore, f and f are related by f — f o c a ,b, where ca,b : A* B ^ * A = B * A 
is the isomorphism 



ca,b 





A 


B 


a) 


Co 


Co 


b) 


Co 


Ci 


c) 


Ci 


Co 


d) 


Ci 


Ci 



t A)B o exp( — in ■ f2 (12 )) 
t a ,b oexph -nm 

eX p(!ZL^M) . (id m ®T AB )oexp(-f .n< u >) 



(4.6) 



o c 



A.B 



Case d) requires f) to be purely odd. 

Proof. If /' exists, it is unique by Theorem [3.12| . It remains to show that /' = / 
does the job. 

To compute v(f] y, x) one can proceed as follows. By assumption, x, y are real with 
x > y. Define y' := e w (x — y) + x. Setting 9 = gives y' > x so that v(f;y',x) = 
-fgs ° V(f',y' — x)\a®b, and setting 6 = n results in y' = y. Along the path 9 £ [0, 7r] 
the pair (y ; ,x) lies in C slit , as required. Finally, substituting the explicit expressions from 
( |3.62j ) and taking 6 from to n in V(f] y' — x) = V(f; e l9 (x — y)) gives 



u(f;y,x)= P gs oV(f;e i6 (x-y)) 



A®B 





.4 


B 




a) 


Co 


Co 


/ O e i7inil2) O e (ln(^-^)+ln(4))-n( 12 ) 


b) 


Co 


Ci 


/ o e -¥^ (11) o e -(§M*-v)+M4))'n (11) ; 


c) 


Ci 


Co 


J oe 4 rf2) oe -(iln(x-y)+ln(4)).n(22) ' 


d) 


Ci 


Ci 





(4.7) 
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We now have to check that in all cases, ( |4.7| ) agrees with P gs o V(f o c AB ] x — y) o t^ b . For 
a)-c) this is immediate, for d) one uses in addition that / is an h-intertwiner. □ 

We will see in Section |6.1| that the isomorphism ca,b defines a braiding on Co- If t) is 
purely odd the tensor product closes on C and we can consider ca,b on all of C. In this 
case, c would give a "braiding in a crossed Z/2Z-category" in the sense of ||l'u|| . To obtain 



a braiding on C we will precompose ca.b with an additional isomorphism formulated in 
terms of the parity involution. The further discussion of this has been postponed to Section 
|Q| since by then the associators will have been introduced and we can go on to verify the 
hexagon. 



5 Four-point blocks and the associator (*) 

The in the section heading means that in this section we will not state definitions and 
prove theorems, but instead carry out a series of conformal field theory calculations which 
will lead to the compositions of vertex operators listed in Table p] and to the associativity 
isomorphisms collected in Section |6.2| . From the point of view of the mathematical setup 
in Sections § and ||, the results in Table [l] (at least most of them) are conjectures. The 
resulting associators are taken as input in Section ^| and are proven there to define a 
monoidal structure on C. 



5.1 Four-point blocks 

Recall the definition of the vertex operator V(f; x) in terms of a morphism / : A* B — >■ C 
( |3.61| ). Given representations A,B,C G C we will also use the following more illustrative 



notation for vertex operators: 



V(f-X) EE 





A 


c 


B 



A <g> Ind ( tw)(£) -»> Ind ( tw)(C) . 



(5.1) 



Given representations A, B,C, D, P G C and morphisms f: A*P—tD,g: B*C—tP, 
consider the composition 





A 


B 


D 


P 


C 


f 


z g; 


w 



P gB oV(f;z)o(id A ®V(g;w)) 



A®B®C 



: A®B®C^D (5.2) 



of two vertex operators restricted to ground states. Here z > w > and the restriction 
from Ind( tw )(C) to C as well as the final P gs are omitted in the pictorial notation. 

Table [I] lists these compositions specialised to z — 1 and w — x G (0, 1) for the eight 
possible ways of choosing A, B, C from C Q or C\. Subsequently, the x — » 1 limit of these 
expressions will be used to determine the associativity isomorphism on C. 
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A 


B 


ABC 


D 


P 


C 


/;i g; 


X 







1 



1 



1 



1 1 



1 1 



1 1 



111 



/ o (id A <8> g) o exp(ln(l-ar) • (12) + ln(x) • to™ 
/ o (td A (8 g) o cxp(~ i ln(z) ■ ft( 22 > + In f^g • ft( 12 > 

-in(4)- (r»( n ) + r!( 22 ))) 

/ o (id A ® 5 ) o exp(- I Infl-a:) ■ fi( n > - I ln(x) • il^ + In( ^g^ ) • ^ 13 > 

-in(4)- (fi( n )+fi< 33 ))) 

/ o (<<k ® 5 ) o exp(- i ln(l-x) • + ln ( 4 ) . 0(23) 

-in(4)- (r»( 22 ) + r»( 23 ) + ^ 33 ))) 

. / o exp( ln(z) • (±ft( n > + ft( 12 > + ±^ 22 >) + In ^ • ±ft( n > 
-ln(4i T ^).(^ 11 )+^ 12 )) 

+ ln(4) • fl (12 A o {id A ® (s o (1 ® id B ®c)) } 



(idu ® ev B ) o exp( In ^g^^f • ^ 13 > - In(a:(l-a:)) ■ ±ft (33) 

- ln(4) • fi (33) ) o {(/ o (1 <g> id A <g> c/)) ® id B .® B } 

o [id A ® [(tc,b ® id,B*®B) ° {idc ® coev B ®jd B ) o rs,c] } 
^^--a-iSl _ ^ ^ Q exp ^ ln ^_^ . i n (ii) + in 1=2 . i^( 33 ) - In l^g • ^ 13 > 

- ln(4) • ft (33) ) o {(/ o (1 ® id A ® #)) ® zd c .®c} 

o (id A ® ids ® coevc ®idc) 



sdim(h) sdim(li) 

6(1-1)) 8 (fX(x)) 2 



•/-xp((-f^_£) + ln(4))^ 



ln(4) • Q (22 A o (id^ ® ff ) 



Table 1: Composition of two vertex operators, restricted to ground states, for all eight combi- 
nations of choosing A,B,C from Co or C\. In cases 101 and 110 the copairing O acts on source 
and target of / o (1 ® id a <8> g) simultaneously; this is implemented using the (co) evaluation maps. 

In case 111, K(x) = [(1 — t 2 )(l — xt 2 )~j *dt is the complete elliptic integral of the first kind. 
The contribution of the additional ln(4)-factors in ( 3.62| ) arising from the choice for the natural 
isomorphism made in Theorem 3. 13j is written out separately in a new line in each case. This is 
the reason not to carry out the obvious cancellation in case 111. 
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I do only have proofs for cases 000 and 001 in Table |1| The remaining six cases are 
based on the usual contour integral arguments in calculating with conformal blocks and 
have to be treated as conjectures in the present setup. In any case, the calculations for all 
eight cases are given in Appendix [B]. 



5.2 Definition of associators via asymptotic behaviour 

The associator of C is a family of isomorphism 

at A ,B,c ■ A* (B*C) (A*B) *C , (5.3) 

natural in A,B,C. Recall from Remark [3.15| that the tensor product of two objects in C 
may not lie in C. For the associator to have well-defined source and target we require A* B 
and B * C to lie in C. If f) is purely odd this poses no restriction, otherwise we are not 
allowed to choose both A and B from C\ nor to choose both B and C from C±. 

The associator is determined by the following pictorial condition, which will be ex- 
plained below: 

A 









A 


*B 


B 




A 


B 




id 




(A*B)*C 


B*C 


C 


(A*B)*C 




C 


a: 


1 id; l—e 


id; '. 


l-e 



As an equation, this pictorial condition stands for D(e) = C(e) + (lower order in e) 
D(e) = P gs o V(a; 1) o (id A <g> V(id B *c\ l-e)) , 
C(e) =P gs o V(id( A *B)*c] l-e) ° ((Pgs ° V(id A *B] e))U®B ® id c ) ■ 



(5.4) 
where 

(5.5) 

Here, D(e) (the "direct channel") is of the form discussed in Section |5.1| . It depends on a 
morphism a : A * (B * C) — > (A * B) * C which is to be determined. In C(e) (the "crossed 
channel" ) we first go from A £g> B to A * B by restricting the vertex operator V(idA*B] e) to 
ground states. The result serves as input for the vertex operator V(id(A*B)*c', 1— e) which, 
once restricted to ground states, is a map (A * B) £g> C — > (A * B) * C . 

The morphism a has to be fixed such that C (e) describes the leading behaviour in e of 
D[e) for e — > 0. This turns out to fix a uniquely except if A, B, C are all taken from C\. 
This latter case is treated separately in Section |5.4| below. 



Remark 5.1. Using the appropriate exchange conditions for modes one can try to extend 
vertex operators to maps V : Ind(A) Cg> Ind(£>) — > Ind(C) instead of just allowing ground 
states from A. The asymptotic condition ( |5.5| ) can then be strengthened to the identity 

V(a; 1) o (id (8> V(id B *c] x)) = V(id( A * B )*c\ x) o (V(id A * B ; l-x)) ® id) (5.6) 

for all x G (0, 1). In vertex operator algebra language, this describes the associativity of 
intertwining operators, see [ biLZ |. In the present context, conjecturally all vertex operators 
can be extended and the maps a determined below by the asymptotic condition also satisfy 
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5.3 Computation of associators 

We now turn to determining a in each case. 



Associator for C X C x C — > C 

In this case, both A* (B * C) and (A* B) * C result in the tensor product A £g> B <g> C in 
Rep(h). Inserting the expressions in (|3.62| ) into the definition of C(e) from ( |5.5| ) gives the 
endomorphism 

C(e) = exp((ln(l- £ ) + ln(4)) ■ (Vl^ + Vl^) + (\n(e) + ln(4)) ■ tl^) 

~ exp(ln(e) ■ ft (12) + ln(4) ■ (ft( 12 ) + + Q^)) (5.7) 

of A (g) 5 (g) C. In the direct channel the map a appears, which in the present case is an 
h-endomorphism of A <g> B <g> C. Case 000 in Table |I] has the asymptotic behaviour 

D{e) = a o exp(ln(e) ■ fi (12) + ln(l-e) • ft (23) + ln(4) ■ (Q^ + + Q^)) 

~ a o exp (ln(e) • + ln(4) • (n^ + + fi( 23 ))) . (5.8) 

For the asymptotics of D(e) and C(e) to agree we must take 

a = id A ®B®c ■ (5.9) 

As an aside, this particular associator would still just be the identity if we had not included 
the ln(4)-factors in (|3.56|) ; it is the associators involving objects from C% which become 
simpler this way. 

Associator for C x C x C\ — > C\ 

Both A * [B * C) and (A * B) * C result in the tensor product A ® B <g> C in SVect. For 
C(e) one finds 

C{e) ~ exp((ln(e) + ln(4)) • fi (12) - ln(4) • (fi (11) + 2fi (12) + fi (22) )) (5.10) 

Here it was used that the action of on A * B = A <8>R e p(f)) B is given by A(fi( n )) = 
+ 2VL {12) + fi (22) . The asymptotic behaviour of D(e) reads 

D(e) ~aoexp(ln| ■ fi (12) - ln(4) • (fi (11) + fi (22) )) (5.11) 

This shows that 

a = id A ®B®c ■ (5-12) 

Without the ln(4)-factors in ( |3.56| ), the condition on a would have read exp(ln(e) ■Vt^ 12 " > ) ~ 
a o exp(ln | • fi^ 12 ^), forcing a to be e ln ( 4 )-^ (12) instead of just the identity. 
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Associator for C x C\ x C — > C\ 

Here again a is an endomorphism of A <g) B <g> C. For C(e) one obtains 

C(e) ~ exp( - | ln(e) • - ln(4) ■ + Q (33) )) . (5.13) 

For D(e) one has to be careful to choose the correct branch of the logarithm in case 010 
of Table [1|. Namely, 

l(x)=ln( ^f;^ ) , = 1(0) ^■cnt.x.fromOtol^ ^^ ^ 

Using this, one finds 

D(e) ~ a o exp( - \ ln(e) • - ivr • - ln(4) • (fi< u ) + fi^)) . (5.15) 
The result is 

a = exp(wr-fi (13) ) . (5.16) 

Associator for Ci x C x C — >■ Ci 

We have 

C7(e) ~ exp( - \ ln(e) • ft (22) - ln(4) ■ (^ + ft( 33 ))) , 

D(e) ~aoexp(-i ln(e) ■ fi (22) + ln(4) ■ ^ - ln(4) • + fi( 23 ) + tt^)) , (5.17) 

so that 

a = id A ® B<s>c . (5.18) 
Intermezzo on the Hopf algebra structure of U(t)) 

To treat the cases with two objects chosen from C\ we need to use the fact that U(fy) is a 
Hopf algebra. Since f) is abelian, U(f)) is equal to the symmetric algebra of f) in SVect. In 
particular, f) is graded by the number of generators. The coproduct is, for all a e f), 

A(a) = a ® 1 + 1 <S> a . (5.19) 

For all other elements of U(t)) the coproduct is determined by the fact that it is an algebra 
map. Some care must be taken with the parity signs: 

A(ab) = A(a)A(6) = (ab) <g> 1 + a ® b + (-l) |a||fe| 6 <g> a + 1 ® (aft) . (5.20) 

The antipode is fixed by declaring that S(a) = —a for all a £ f) and extending it as an 
algebra anti-automorphism. This results in (— l)s rade ; independent of parity. For example, 

S(ab) = (-l)\ am S(b)S(a) = (-l)HH ba = ab ( 5 . 2 l) 

for all a, b e f). The counit e satisfies e(l) = 1 and vanishes outside of grade 0. 
The Hopf algebra U(t)) is commutative and cocommutative in SVect. 
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Associator for C x d x C\ — > C 

Evaluating source and target of the associator results in 

A * (B * C) = A g [7(f)) ®B®C , (A* B) *C = [/(f)) ®A®B®C. (5.22) 

The underline indicates which objects contribute to the fraction. So in the first case, the f) 
action is on A and [/(f)) while in the second case f) acts only on [/(f)) (since A*_B = F(A)(g)S, 
forgetting the fraction on A). The crossed channel C(e) is a map from A <8> B <g> C to 
[/(f)) <g> 4 <g> .B <g> C. Explicitly, 

C(e) ~ exp ( - (\ ln( £ ) + ln(4)) • fi( 22 )) o (1 <g> id A0B ®c) • (5.23) 

The direct channel -D(e) is a map from A <g> i? <g> C to A <g) [/(f) ) <E> -B <S> C and has the 
asymptotic behaviour 

D(e) ~ a o exp ( - (\ ln(e) + ln(4)) • o (^ <g> 1 ® irf B0C ) . (5.24) 

Composing from the right with the endomorphism exp((| ln(s) + fn(4)) • f2( n )) shows that 
the asymptotic behaviour of C(e) and D(e) agrees if and only if 

a o (id a <8> 1 <8> id B ®c) — 1 ® <8> ide^c • (5.25) 

Since ct is an f)-module map, we also know that 

a?) o a = a o (A(a)) (12) for all a e f) . (5.26) 

As before, in a* 1 ), a acts on the first tensor factor of [/(f) ) <g) A <g) 5 (g) C, and (A(a))( 12 ) 
means that A(a) G f) <g) f) acts on the first two factors of A <g) [/(f)) <S> B <g) C. This should 
not be confused with Sweedler's notation A(h) = Yl(h) ® h(2) f° r the coproduct. We 
need the following lemma about Hopf algebras in SVect: 

Lemma 5.2. Let H be a Hopf algebra in SVect. Let M, N be H -modules in SVect and let 
V G SVect. Suppose an even linear map f : M®H®V — > N satisfies h^of = /o(A(/i))( 12 ) 
for all h G H . Then 

f(m®h®v) = ^(-l) |m||/l|+|,l w ||/l ( 2 ) | (/i (2) ) (1) o/( 1 S~ 1 (/i ( i)).m ®l<g>u) . 
(h) 

Proof. Precomposing both sides of the identity o f(m®k®v) = f o (A(/i))( 12 ) (m®k®v) 
(thought of as a map H ® M ® H ®V — >■ TV with the first argument being h) with the map 

h®m®k®v H> ^(-l) 1 ^ 1 ' 11 ^ 1 /^) <8)-5 _1 (/i ( i)).m® k®v (5.27) 
(h) 
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and specialising to k = 1 results in 

(/i (2) )(i) o f(S- l {h (1) ).m 

= ^(_l)|ft(i)KIA( 2 )l+|A(a)l)+|h(s)l(|fc(i)l+|m|) /(/ i(2) 5'- 1 (/ i(1) ).m ® /l (3 ) ® «) 
(ft) 

= (-l)MW f(m®h®v) . (5.28) 

In (*) the property E(/ l )(- 1 ) |h(1)l|/l(2)l h(2)S~ l {h{x)) = e(/i) • 1 of the antipode was used. □ 

Specialising this lemma to H = U(fj), M = A, N = U(t)) ® A® B ® C ana\V = B ® C 
shows 

a(a <8> /i ® 6 ® c) Lc =^ ^(-l)Hl ft l+IV)HV)l (fy^M a (S , - 1 (/i (1) ).a ® 1 ® 6 <8> c) 

© £(-l)Ml h l+l h «H h rol fy 2) g, ^(/i^.a ® 6 ® c . (5.29) 
(h) 

We can write this without parity signs by using the symmetric braiding r of SVect. Denote 
by p A : H ® A — > A the action of H on A. Then 



a 



{idu% ® (p A o (S 1 ®j4))}°{(%(/(ft)°A)®^} or ^) ®id mc ■ (5.30) 



Of course, for £7 (h) we have S^ 1 = S and Tu^u^oA = A and this could be used to simplify 
the above expression. However, the above form allows for a more direct comparison with the 
results of [ DKI , where such associators are considered for not necessarily (co) commutative 



Hopf algebras. 

Associator for C\ x C x C\ — > C 

The source and target of the associator are 

A* (B * C) = [7(h) ® A ® B ® C , (A* B) * C = U(i)) ®A®B®C. (5.31) 

As in the previous case, the underline indicates which objects contribute to the h-action. 
The asymptotic behaviour of the crossed and direct channel are 

C(e) ~ exp( - (|ln( £ ) + ln(4)) • n^) o (1 ® id A ® mc ) , 
D(e) ~ (id U ( t) )®A®B®c ® ev B ) o expf - i7r • Q( 16 )-(Il n ( £ )+l n (4))-^ 66 )) 
o {(a o (1 <g> idA®B®c)) ® ic?B*® B } 

o [id A ® [ijc,B ® id B *®B) ° (^c <8> coev B ®id B ) o t b ,c] } ■ (5.32) 
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The exponential in D(e) is an endomorphism of {7(f)) ®A®B®>C®)B*®)B, so that for 
example fi( 16 ) acts on {7(f)) and B. The coefficient —vk of fi( 16 ) arises via fl5.14|) . We can 
simplify the condition C(e) ~ D(e) by cancelling the contribution in C(e) against 
the contribution in D(e), and by acting with exp(7i7 ■ fl) on both sides such that the 
first leg acts on the target factor U(i)) and the second leg on the source factor B. The 
result is a o (1 <g> id A(glB ^c) = exp(7rz ■ f^ 13 )) o (1 <g> id A ®B®c)- Since a is an f)-intertwiner, 
this condition determines a uniquely to be 

a = exp(m-fi (13) ) . (5.33) 



Associator for C\ x C\ x C — > C 

Source and target are 

A * (B * C) = {7(f)) ® A® B ® C , (A* B) *C = {7YJ)) ® A® B ®C_, (5.34) 

with underlines giving the fj-action. The asymptotic behaviour in the crossed and direct 
channel is 

C{e) ~ . exp(ln( £ ) • + ln(4) • Q^) o (1 ® zd A0i30C ) , 

D(e) - e" 2 ^ • (i^ ft) ^®B®c ® ev c ) ° exp(m(e) • (±^ n ) + SI™ + |<^ 44 > + ^) 

_l n |. (fi(16) + fi (46)) _ ln(4) . fi (66)j 

o { (a o (1 <g> id A ®B®c)) ® idc*®c} ° ® ® coev c glide) • (5.35) 

The exponential in D(e) is an endomorphism of {7(f)) ®A®B®C®C*®C. To arrive at 
the expression for D(e), fix the representation D in case 110 of Table p] to be (A * B) * C = 
{7(f)) <S> A ® 7> eg C with f) acting on {7(f)) and C. Because of this, f^ 11 ) in case 110 - where 
the '1' refers to D - turns into + 2fi (14) + fi (44) when acting on {7(f)) <g> A ® 5 <g> C. 
Similarly, fi( 13 ) turns into fi (16) + fi (46) . 

To simplify the condition C(e) ~ D(e), move all exponential factors to the left hand 
side. After a short calculation one finds that they all cancel, resulting simply in 

a o (1 ® id A ® B ® c ) = 1 ® id A ®B®c ■ (5.36) 
Since a is an f)-intertwiner, it satisfies (A(m))^ 14 - ) o a = a o vy~' for all /i G {7(f)). Then 
a (m ® a (2) 6 ® c) = (A(w)) (14) o a(l ® a <8> 6 <8> c) 

® E ( »)(-l) |u(2)l(|a|+|f,|) • «(i) ® a ® & ® «(2)-c • (5.37) 
As in case Oil one can hide the parity signs by using the braiding of SVect: 

a = {idu^A^B ® p *) o (idi/ft) ® t c/(W,a®b ® «dc) ° (A ® id A ® B ®c) ■ (5.38) 
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5.4 Associator for C\ x C\ x C\ — > C\ 

This case is set apart from the previous seven since it turns out that the associator cannot 
be determined from the restriction of the four-point block to ground states. To stress 
this point, let us briefly go through the ground state calculation before we turn to the 
evaluation of four-point blocks on descendent states. 

Source and target of a are 

A* (B*C) = A® [/(f)) <g> B® C , (A* B)*C = *7(fj) <g> A® B ®C , (5.39) 
both of which lie in C\. The asymptotic behaviour in the crossed channel is 

C(e) ~ ■ exp(± In ± • ft( u >) o (1 ® id A ®B®c) ■ (5.40) 

This has to be reproduced by the expression in the direct channel (case 111 in Table P, 

sdim(f)) sdim(h) 

D{e) =(e(l-e))- • glf(l- e ))-^- 

• « o exp(- f • fi (22) ) o (id A <g> 1 ® id B ® c ) . (5.41) 



Recall from the beginning of Section |5.2| that in the present case - as for all associators 
where either A, B or B, C are from C\ - we have to restrict \) to be purely odd. Define 

iV = — | sdim(f)) G Z >0 , (5.42) 

so that (fi( 11 )) Ar+1 acts as zero on all Fj-modules. The direct channel can be rewritten as 

N ( iU 

D{e) = (e(l-e)) f ]T ^J-(l) N - k K (e) k K(l-e) N - k ■ a o (Q^) k o ® 1 ® icfe^) 

fc=0 

~ g f E fef (|ln^)^ fc -ao(fi( 22 )) fe o(^®l®^ c ) , (5.43) 

fc=0 

where we used the leading order of the expansions 

K(x) = f (l + f + 0(x 2 )) , K(l-x) = -|ln§ -(l + |x+0(x 2 )) - \x+0{x 2 ) . (5.44) 
Comparing the crossed and direct channel gives N conditions on a, 

(-l)N(E) N ~ 2k M 

a o (Q^) k o (z^ ® 1 ® zd B55C7 ) = 1 ( ^_ fc) , 1 • (^ (11) ) JV_fe o (1 ® zd A0fl ®c) • (5.45) 

These conditions only determine a on elements of the form (f2( n )) fc l G £/(f)), that is, only 
on an (iV+l)-dimensional subspace of the 2 2N dimensional U(t)). In the cases Oil, 101, 
110, the map a was a morphism in C an d the f)-intertwiner property was then enough to 
fix a uniquely from its action on 1 6 U(ty). In the present case, however, a is a morphism 
in C\ and we need a different argument to determine a completely. 
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Direct and crossed channel for descendent states 

Let p = a\j 2 ■ ■ ■ a,y 2 and p = a 1 ■ ■ ■ a n for some a 1 , . . . ,a n e h. We will compute 

D(p; e) = P gs opo V(a; 1) o (id A ® V(id B *c\ 1-e)) , (5.46) 



where p acts on Ind tw (U(t)) <E> A <8> B ® C), and compare its £ — >■ behaviour to 

C(p; e) = P gs o p o F(zd(A*s)*c; ° ((-^s ° ^(^a*s; £))\a®b ® idc) ■ (5.47) 

The expression for C(p,e) is immediate from the commutation relation in case b) of Def- 
inition [D] and the explicit form of the vertex operators restricted to ground states in 
(PI): 



C(p;e) = P gs oV(id (A * B )*c;l-£) ° ((p ° P gs ° V(id A * B ; e))\ A ® B ® id c ) 

sdim(h) , 1 Mf\\ 

~ e » ■ exp (I In § • fi (11) ) o (p ® id A0B ®o) • (5-48) 



The calculation for D(p;e) is more involved. As an auxiliary quantity we introduce, for 
ge £/(&), 

D(p, g; e) = P gs o p o 7(a; 1) o g( 2 ) o ® F(id B * c ; 1-e)) . (5.49) 

In Appendix |B.5| the following relation is given (see ( |B.74j )), which allows one to compute 
D(p, q; e) recursively: 

f • D(p,aq;s) = K(l-e) ■ D(pai , q; e) + (f K(l-e) - E(l-s)) ■ D{pa_x,q;e) . (5.50) 

Using the asymptotic behaviour of K(l—e) in ( |5.44j ) together with E(l— x) = l+0(x\n(x)) 
we see that in the leading behaviour of D(p, q; e) satisfies 

f-D(p,aq;s) |ln § • D(pai , q; e) - D(pa_i , q; e) . (5.51) 

This allows one to express D(l,q;e) as a sum of terms D(p; e). For the latter, the asymp- 
totic behaviour has to match that of C (p; e) and for the former, the asymptotic behaviour 
is given by 

D(l, q; e) ~ ef £ 1 ' ^ (§ In i)*"* • a o (n^) k o (id A ® q ® id mc ) , (5.52) 

k=0 

as follows from repeating the calculation leading to ( |5.43|) . Since g G (/(f)) is arbitrary, 
( p-51| ) and ( J5.52 ) determine a uniquely. It remains to find an a which solves these 



a = ((f) <S> id A ®mc) ° (TA,u(b) ® id B<s> c) , (5.53) 



conditions. 

We make the ansatz 
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where is an even linear endomorphism of U(f)). To define we introduce the linear form 
A : U(t)) — > C which is non-vanishing only in the top degree (i.e. in degree 2N) and satisfies 



AW) = Nl(^) 



N 



(5.54) 



where f^ 11 ) is understood as an element of U(t)). Since the degree 2A^-component of U(t)) 
is one-dimensional, this fixes A uniquely. Let furthermore Hu% '■ U(§) ® U(f)) — > U(t)) be 
the multiplication of elements. Then 



= (idu(f)) ® (A o fiu(t)))) ° ( exp(-TTifi) <g> id u{[)) ) 



(5.55) 



where exp(— niQ) G 17(f)) ® U(t)). Note that maps an element of degree n in Z7(fj) to an 
element of degree 2N—n. 

To check that this ansatz for a and solves the condition D(p;e) ~ C(p;e) we will 
work in a symplectic basis. That is, for the rest of this section we will assume that the 
basis {a 1 } of f) fixed in Section ^4] satisfies (a 2m ~ l ,a 2m ) = 1 = — (a 2m ,a 2m_1 ) for all m 
and is zero else. In this case, the dual basis satisfies /3 1 = a 2 , (3 2 = —a 1 , etc. The copairing 
reads 



n 



N 



a 2m (8) a 2 ™" 1 - a 2m ~ l ® a 2m 



(5.56) 



Then fi( n ) = -2 £ 



N 

771=1 



771=1 

2m— 1^2m 



to ( [5.54 ) shows that the one-form A obeys 

,2 



and (f^ 11 *)* = (-2)^! • a l a 2 ■ ■ ■ a d . Comparing this 



X(a 1 a 2 ---a d ) 



7T 



-N 



(5.57) 



The condition D(p\e) ~ C(p;e) can now be factorised into iV two-dimensional prob- 
lems. Namely, a monomial in ?7(f)) can be written as X\ ■ ■ ■ x^, where the individual factors 
x m are taken from {1, a 2m_1 , a 2m , a 2m_1 Q; 2m }. 



2m— 1 „,2m „ 2m— l„2ml 

Let p be such that p = x\ • • -x^. Abbreviate L 



Mn^ 

2 16 



According to (J5.48), each 



factor x m contributes to the singular behaviour as C(p, e) ~ Ylm=i ® idA®B®c with 

(5.58) 



Xm 


1 


a 2 " 1 ' 1 


a 2m 


a 2m ~ 


l oc 2m 


C m 


1 - 2La 2m - 1 a 2m 


a 2171 - 1 


a 2m 


a 2m - 


l a 2m 



For D, consider the relation ( |5.51| ) in the case that p, q do not contain elements form the 
m'th factor: 



D(pai 



2m- 1 



■^ L .D{p,a 2m - l q] e) , D{pa 2 r^e) 



D(pai 



2m— 1 2m 
CX i 

2 



Q-,e)^-(^) 2 -D(p. 



a 2m -W m q ] e)-^ L -D{p,q-e) . 



±-D(p, a 2m q;e), 
(5.59) 



Next, rewrite ( |5.52| ) as 



N 

D(l, q; e) ~ e% {=f) N ■ a o exp (- fj ^ a 2 ™" 1 ^™) o (i^ <g) <? ® id fl ® ) (5.60) 



m=l 
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Combining this with ( |5.59| ) gives D(p, e) ~e* • a o (idA <8> 11™=! D m <8> id>B®c), where 





1 




a 2m 


a 2m-l a 2m 




-^l + 7ra 2m - 1 a 2m 

7T 




ia 2m 


±1 

7T 



(5.61) 



Comparing the tables ( |5.58| ) and ( |5.61[ ) shows that <p{xi ■ ■ ■ x^) = Ylm=i 4>m( x m) with 



•Em 


1 




a 2m 


a 2m-l a 2m 


4>m 


7T a 2m ~ l a 2m 


-ia 2m ~ l 


-ia 2m 





(5.62) 



This is indeed the same as (|5.55| ): each factor is given by (recall Q3.16Q ) 

1 ■ A m (l • x m ) - ixi a 2m ■ A m (a 2m " 1 x m ) + m a 2m ~ l ■ \ m (a 2m x m ) 
+ TT 2 a 2m - x a 2m ■ A m (a 2m " V m x m ) (5.63) 
7T _1 . We have now completed the verification of the ansatz (|5.53j ). 



(X r 



where A m (a 2m l a 2m 



6 Braided monoidal category 

In this section we will verify that the braiding and associativity isomorphism calculated in 
Sections ^ and [5] do indeed define a braided monoidal category. We will start in Section 
|6.1| by restricting to the sector of untwisted ^-representations, Cq. There, the verification 
of pentagon and hexagon is immediate and it is not necessary to assume that f) is purely 
odd. 

On the other hand, only for f} purely odd do the results of Sections ||-|5] give a well- 
defined tensor product, associator and braiding on all of C. In that case, the pentagon and 
hexagon identity on all of C are verified in Sections |6.2| - |6.3| via the results in [pRl| . 



6.1 Co is a braided monoidal category 

Recall that Co = Rep lf (fj) and that according to Theorem |3.13| the tensor product is given 



by A * B = A ®Re P (f)) B. The associativity isomorphism was found to be the identity in 
( p.9| ) (more precisely, the associator of the underlying category of super-vector spaces, but 
we will not write these out) and the braiding was given in Proposition [4.2| : 

®a,b,c = id-A®B®c , c AjB = T AiB oexp(-in-tt {12) ) . (6.1) 

Proposition 6.1. Cq with * as tensor product, a as associator and c as braiding, is a 
braided monoidal category. 

Proof. The pentagon and hexagon identities are listed in Figure || The pentagon is trivial 
(i.e. it is that of SVect), and the hexagon (HI) reads ca,b®c — (ids® c a,c) ° ( c a,b ® idc)- 
This identity follows since {idurt)) ® A) o fi( 12 ) = fi( 12 ) + fi( 13 ) and since A is an algebra 
map. The hexagon (H2) is checked analogously. □ 

The category Cq can be understood as a version of Drinfeld's category for metric Lie 
algebras specialised to the abelian case ||Ur|, OF . 
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(P) 



(A ® c B) ® c (C ® c D) 



CA,B,CD 



OtAB,C,D 



A® c {B ® c (C ® C D)) 



((A ® c B) ® c C) ®c D 



CB,C,D 



&A,B,C®cidD 



A ® c {{B ® c C) ® c D) aA ' BC > D , (A ® c (B ® c C)) ® c D 



(HI) 



A ® c {B ® c C) 



C A,BC 



(B ® c C) ® c A 



a A,B,C 



O.B,C,A 



(A ® c B) ® c C 

CA,B®C id C 



B ® c (C ® c -4) 

id B ®c c A,C 



{B® C A)® C C ^^j^- B ® c {A ® c C) 



(H2) 



{A ® c B)® C C- 



CAB,C 



■C® C {A® C B 



&A,B,C 



A ® c {B ® c C) 



id A ® c CB,C 



A ® c (C ® c B) 



&A,C,B 




(C (g) C A) (g) C B 



(A ® c C) ® c B 



Figure 3: (P): The pentagon condition for the associator of a monoidal category C. (H1,H2): 
The hexagon conditions for the braiding isomorphisms in a braided monoidal category C. In the 
indices of a and c we have omitted the ®c for better readability. 
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6.2 Pentagon identity for C 

Assume from here on that fj is purely odd. Recall that C is the Z/2Z-graded category with 
Co = Rep lf (f)) and C% = SVect with tensor product functor V given in Theorem [3.131 . (Of 
course, for f) purely odd every f)-module is locally finite.) The associators cva,b,c found in 



Section qT3| and ^T4] were: 

otA,B,c ■ A* (B * C) -)> (A* B) * C 



® id 



B®C 



ABC 



1 

1 

1 

1 1 

1 1 
1 1 
1 1 1 



In case 010, a is an endomorphism of A <g> B £g> C while in case 101, it is an endomorphism 
of U(t)) <8> A ® B eg) C . Let N = — sdim(f))/2. The endomorphism <fr in the last case was 
defined in ( |5.54|) and (|5.55[) to be 



idA®B®C 
idA®B®C 

exp(i7r-fi (13) ) 

idA®B®C 

{id u{h) <g> (p A o (S^ 1 <g> id A ))} o {(-r[/(F,) jC /((,) o A) ® id^} o r^ )C7 ( ft) 

{idu(t,)®A®B <S> p c } o {idu(f>) <8> rc/([,),A®B <S> idc} ° {A <8> zc2a®.b®c} 
{</> <g> id A ®B®c] ° { r A,t/([,) ® ^b®c} 



(idu(tf) ® ° ° (exp(-vrzfi) ® itii/^)) , (6.2) 

(-l^JV! (2i)*. The work 



with A the top form on U(f)) which satisfies A((«7r ■ f^ 11 ))^) 
for the following theorem was already done in [pRl|| . 



Theorem 6.2. C with * as tensor product and a as associator is a monoidal category. 



Proof. The associator is precisely of the form treated in ||DR1|| . Namely, in | pRl| , Sect. 3.8.2] 
choose C = iirfl and £ = (—1)^. Then A agrees with the cointegral in |PR1| , Sect. 3.8.2] 
and the associativity isomorphisms above are precisely those in |DR1| , Fig. 3] . The pen- 
tagon holds due to [ PR1| , Cor. 3.17]; that the conditions of that corollary are met is shown 
in 



DRli Sect. 3.8.2]. 



□ 



Remark 6.3. If f) is not purely odd, the tensor products and associators with only one 
object taken from C\ are still all well-defined. The pentagon conditions which only involve 
such associators are satisfied, so that C\ becomes a bimodule category over C - 

6.3 Hexagon identity for C 

Let I) be purely odd. 
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Recall from Section f| that G(tp) denotes the pair of functors (<£>*|&, Id) on Co + C±, and 
that we abbreviated = G(cp^)(B). In Proposition [O] we defined the family of natural 
isomorphism c a ,b : A * B ^ * A for A, B E C. As already mentioned in Section [|, 
we have '^LB * A = B * A for all A, B G C. Nonetheless, it would be misleading to write 
ca,b '■ A * B — > B * A because c is not a braiding. For example, (H2) in Figure [5] fails 
for A G C\ and B,C G Cq. To turn c into a braiding, we will construct an isomorphism 



Since y> leaves f2 and A (from ( 5.54| )) invariant, via |pKl| , Prop. 3.19], G(<p) becomes a 



monoidal equivalence. The only non-trivial part of the monoidal structure on the functor 
G(cp) is that for X, Y G Ci, G(<^)x,y = V 9 ® idx®y- 

For a super-vector space V denote by coy '■ V — > V the parity involution u(v) = (— l)^v. 
The family of isomorphisms {wyjyesvect is a natural monoidal isomorphism of the identity 
functor on SVect. Write u v = id v and u v = uiy. Since f) is purely odd, the action of cp on 
U(t)) is just the parity involution WuQj)- Given a morphism / : R — > S in Cq, the diagram 



R 



US 



<p*R — > cp*S 



(6.3) 



commutes. In other words, u : Id =>■ y?* is a natural isomorphism on Co- One verifies that 
this isomorphism is in addition monoidal. On all of C, G(ip) is naturally isomorphic to 
Idc via the pair (u,id); however, the natural isomorphism (to, id) is not monoidal (e.g. for 
X = C 1 ' and Y = C ' 1 , G(ip)x,y ° ^x*y 7^ idx * idy)- Instead, we should take the pair 
(u,u). Altogether, 

co : Id G(p) (6.4) 

is a natural monoidal isomorphism of functors on C. Combining this with c, we obtain our 
candidate for the braiding on C: 

A » B \ A \B *A ^* idA ) B * A . (6.5) 

Using naturality of c we can alternatively place u before c and define for A,B G C and 
N = -sdim(fj)/2: 

A B ca,b '■ A* B B * A 

C Co T AiB O exp ( — Z7T • Q( 12 ^) 

Co d r A , B oexp(f 

Ci C r AiB oexp(f -fi( 22 )) o{id A ®u B } 

Ci Ci e- i7T T ■ (id u(t}) (g)T AiB ) oexp(- f -Q {n) ) o {id u(mA (g)UJB} ■ 



(6.6) 



To say that c Aj b defines a braiding on C means that the hexagon identities (HI) and (H2) 
in Figure hold. This is the content of the next theorem, which is also contained in | |DR1| . 
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Theorem 6.4. The natural family of isomorphisms ca,b defines a braiding on the monoidal 
category (C,*,a) from Theorem \6.^ . 



Proof. The braiding defined in ( |6.6D is of the form [pRl| , Eqn. (4.3)]; the defining mor- 
phisms are stated in [pRl| , Eqn. (4.108)] with C = inQ as in the proof of Theorem |6.2| , as 
well as f3 = e _MrAr / 4 . We have (3 2 = £ ■ i N where ( = (—1)^ from Theorem 3.2 as required 



by flDRll , Eqn. (4.107)]. By pRl] , Thm. 1.3 & Rem. 4.11 (ii)], c defines a braiding on C; that 



the conditions of the theorem are satisfied is checked in |DR1| , Sect. 4.7.2]. 



□ 



Remark 6.5. (i) It is proved in [pRlj Prop. 4.20] that the braiding is non-degenerate in 
the sense that cb,a ° ca,b for all B e C implies that A lies in C , is purely even, and has 
trivial [j-action. If A is finite-dimensional, it is thus a finite direct sum of copies of the 
trivial representation C 1 ' . 

(ii) The full subcategory C fd of all objects in Co and C\ which have finite-dimensional 
underlying super-vector spaces carries the structure of a ribbon category. That is, it has 
right duals and twist automorphisms [0KT , Sect. 4.6]. For R e and X £ Cf 1 , the twist 
automorphisms are given by |pRl| , Prop. 4.18] 



e R = exp(-ni-Q ( - n) ) 







x 



(6.7) 



In Co, this is of the form exp(— 2itiLo) as expected, cf. ( |2.11| ). In Ci, on the other hand, 
it is not, due to the parity involution ux, cf. ( |2.21|) . This may seem worry-some at first, 
but note that exp(— 2TciL ) is not actually a morphism in C\ because it does not commute 
with the action of a m (m € Z + Instead, the ribbon structure presented here is geared 
towards the "even sub-theory of symplectic fermions": 9x is the eigenvalue of exp(— 27riL ) 
on the even subspace of Ind tw (X). This will be elaborated in more detail in |PR2|| . 



7 Two applications to symplectic fermions 
7.1 Torus blocks 

In rational conformal field theory, the characters of the irreducible representations of the 
underlying vertex operator algebra transform into each other under the action of the mod- 
ular group ||Zh|| . In logarithmic conformal field theories this is typically not the the 



space of conformal blocks on the torus is no longer spanned by characters |[My, FG||. One 



may attempt to span the space of torus blocks by one-point blocks instead of zero-point 
blocks. In doing so one must ensure that the field inserted on the torus does not contribute 
a conformal factor under modular transformations. In this section we will investigate this 
approach for the even sub-theory of symplectic fermions. 

Consider N pairs of symplectic fermions, f) = C°' 2JV . To each object in C fd we can assign 
the character of its induced module with or without parity involution. Let A G C fd and 
abbreviate A = Ind( tw )(A). We set 

X + A (r)=tT A {q L ^) , x A (r)=tr A {u JAq L °-^) , (7.1) 
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where q = exp(27rzr) and r a complex number in the upper half plane. From these we can 
obtain the characters of the even subspaces of A via 

x7(t) = 1 1 { X \(t) + Xa(t)) ■ (7.2) 

Denote by II the parity shift functor on SVect. We have X A ( T ) = ^ z Xua( t )- R- eca U 
from ( |3.60|) the simple objects 1,I11,T, HT of C. Each character x\{q) is a ^>o linear 
combination of the characters of the four irreducibles. The latter characters are [|Kaul| , 
Sect. 5.2]: 

\2N / -, ^ \ 2N 

n=l n=l 



^n( 1 + ^)) > X-AT)=( q ^Y[(l-q n ) 

n=l n=l 

(q-^f[(l + q n ~h) 2N , X T (T)=(q-^f[(l-q n -h) 2N ■ (7-3) 



n=l n=l 



We are interested in the modular transformation properties of the corresponding characters 
X ev - The T-transformation r i— y r + 1 produces a phase, while the S'-transformation 
t i — y — 1/ t gives ||Kaul| , jAbl , Sect. 5.2] 

X7(-1M = 2- n ~\x c t(t) -X e n T (r)) + \{~ir) N (xT M - Xm W) , 
^ 1 (-l/r) = 2-^- 1 ( X -(r)- X - (r)) - |(-ir) w (xT(r) - xSiW) , 
X%{-1/t) = Ux e T(r) + X e nAr)) + 2 JV - 1 ( X f(r) + x£(r)) , 
XnT(-l/r) = |04 v (t) + X - (r)) - 2^ 1 ( X f(r) + X -(r)) . (7.4) 

We see that the even characters do not close onto themselves under the S'-transformation 
but instead produce terms multiplying a power of r. We will now produce these terms via 
one-point functions on the torus. 

More specifically, we will look at torus one-point blocks with insertions from U(f)). For 
A G C id , f : U(t)) * A -y A, u G t/(f)), r in the upper half plane and z e C, define 

Zi(f,u;r,z) = tr A (u±q L °- c / 24 V(f;e 2mz ) o {{e 2 ^u)®id]) , (7.5) 

where u + = id, u~ = u, and u = e ln ^ L °u for A G Co while u = e 2hl ^ L °u for A G C\. This 
redefinition of u makes the final answer look simpler. 

We can think of ( |7. 5|) as a conformal one-point block on the torus C/(Z + rZ) with an 
insertion of u at the point z. The next proposition expresses Z^(f, u; r, z) in terms of the 
characters ( |7.3| ) and finite dimensional traces; it also shows that Z is actually independent 
of z as one would expect by translation invariance on the torus. 

Proposition 7.1. Let A G C m and fix a morphism f : U(fj) * A — y A. Then 



Z £ A (f,u;T, z) 
where v = e(— 1)'"'. 



A G C : ti A (u e A o / o (u ® e 2wirL °)) ■ X i(r) 
AeCi: tr A (oo A ofo(u® id A )) ■ X t( t ) 
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Proof. We compute the trace over A in two steps: first over the t/(f)<o) factor of the 
induced module and then over the space of ground states. Let {ej} be a basis of the space 
ground states A. Abbreviate V = V(f; e 2nlz ) o {(e 2mzL °u) £g> id}. Consider a basis vector 
of A of the form a l l mi ■ ■ ■o( l - mn ej and abbreviate the dual basis element by ip = 4>m^''^ mn .j- 
Then 

(^,u\q Lo - c ^Va i l mi ---a^ mn e J ) 

(1) (-l)^^^ ( 

= (e(-l)H) |Qll|+ - +|a!n| g ^+-+— / 24 < e *,^g Lo Fe,) , (7.6) 

Step 1 follows from the mode exchange relation in cases a) and b) of Definition |3.1| (iii). 
The x m ■ a® id summand in the exchange relation removes one mode from the vector 

in A and so gives zero when contracted with %p. In step 2 the negative modes are moved 
past uj 6 ^ g L °~ c / 24 and contracted with ip, leaving only the ground state part. This shows 
that 

ziu^J^;-- ; r f?;r°n xi(r) <"> 

yA^Ci: Xx A {uf A V) ■ x T \ r ) 

where the explicit action of L on ground states has been inserted. For A G C this was 
given in (|2.11|) . For A G Ci, according to (|2.21|) the Virasoro mode L acts on A as — ^-id A , 
and this factor now forms part of the character xt- Hence the e 2mTL ° is absent for A G C\. 

In the above expression, V is evaluated on ground states and we can insert the explicit 
form (|3^2|) . 

■ AeC : 

tr A (u £ A o e 2niTLo o V) = tr A (cu A o e 27TirLo o F o (u <g> id A )) (7.8) 
where, for I := 2iriz + hi(4), 

F = f o exp {£ ■ Q {12) + 2mz ■ 

= / o exp(£ • |(fi( n ) + + f]( 22 )) - £ . Ifi( 22 ) - ln(4) ■ \^) 

= exp {£ ■ ^) o / o exp ( - £ ■ - ln(4) • §fiC u >) (7.9) 

The factor exp(£- |f2( n )) to the left of / can be taken around the trace and will cancel with 
the corresponding exponential to the right of /. This results in the expression claimed in 
the statement for A G C . 

■ A G C\\ We have 

tr A (u 6 A V) =tT A (oo A foexp(-(mz + \n(A))-n (11) )o{(e 2wizLo u)®id A }) . (7.10) 

Since (e 2mzL °u) ®id A = e ( 7r ^+ ln ( 4 ))^ (11) o(u<g)id A ), this gives the statement of the proposition 
for Ae&. □ 
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Below we will drop the the argument z from the notation Z A (f, u; r, z). 

Using xT( T ) ~ Xni( r ) = Xi ( r )) from (|7.4|) one sees that the vector space of func- 
tions on the upper half plane spanned by the irreducible characters and their modular 
transformations is the (iV+4)-dimensional space 

span c {xT(r),x^i(r),x7(r),Xu T (r)} © span c {r fc • Xl (r) | k = 1, . . . , N} . (7.11) 

In ||FGST1|| , an analogous structure for the modular closure of the characters was found 
for the PV^p-models. 

Proposition 7_A shows that one can produce terms of the form r k ■ Xi( r ) if A is m 
and has a non-trivial (necessarily nilpotent) L -action. An argument similar to Lemma |5.2| 
shows that the most general (^-module map / : U(fy) <E> A — > A is of the form f g (u <g> a) = 
Ylfu) u (i) -9 ( u (2)) - a ) where g : A — > A is an arbitrary even linear map. 

Lemma 7.2. For A G Co, g G End(A) ; n e [/([)) and f g as above, 

Z A (f g ,u;T) = e(u)-str A (goe 2 ™ Lo )- Xl (T) . (7.12) 

Proof. By Proposition [77i], Z A (f g ,u; r) = str A (f g o (w <g) e 2mrL o^ . ^~(r). If u is odd, the 
trace is over an odd endomorphism and hence zero. For u even we have 

str A (f B o (u <g> e 2mTLo )) = J2^A{u (1) g(S(u {2) ).-) o e 2 ™ rL °)) 

(u) 

( = } ^(-l)l u ( 1 )lstr yl (^(5(n (2) ) M(1) .-) o e 2 ^)) ( = } e(u) ■ str A {g o e 2M ") (7.13) 

(u) 

In (1) the endomorphism um is taken through the super-trace. In (2) the identities 

E(„)(- 1 ) I " (1)I5 ( m (2))m(i) = E(«) «(i)£(u(2)) = e(u) 1 were used. □ 

Consider the case A = U(t)) and g(x) = 1 • a(L N ~ k x) where a is a top-form on U{ty), 
say the one satisfying a(L^) = 1. Since the image of g is C 1, the trace in Lemma \l.2\ can 
be taken just over C 1. The result is 

Z m) U 9 , 1; r) = a((L ) N - h e 2 ^ L °) ■ xl (r) = ^ ■ Xl(r) , (7.14) 

i.e. precisely the "non-character directions" in the modular closure ( 7.11|) . The idea to 
obtain torus blocks which are not in the span of characters as torus one-point functions 
of uj is mentioned in ||GT|| (for the Wi iP -models) but without computing the corresponding 
traces. The above calculation is the first explicit evaluation of such a trace. 

As in Section |^ (in the case N = 1), let us write w e 1 6 (7(f)) to avoid confusion 
with the 'identity field'. The function Z^^Jf, co;t) should be interpreted as a confor- 
mal one-point block on the torus with an insertion of u. One may now wonder why 
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this can transform in the same way as a zero-point block on the torus, given that an S- 
transformation introduces an action of rotation and rescaling of the form tu h-> e ln ^ l / T " >L °ui 
(for z — 0). The resolution is that 



'!7(f))(/fl> t) 







for k > 



(7.15) 



as is immediate from Lemma [7.2| and the fact that e(LqUj) = for all k > 0. 



It would be interesting to investigate the role that torus one-point functions with inser- 
tions from the projective cover of the identity representation play in logarithmic conformal 
field theory more systematically. In particular the relation to \\AM[ AN|| , where the addi- 
tional torus blocks are obtained via pseudo-traces, should be better understood. 



7.2 Algebra structure on U(f)) 

In this application we compute the algebra structure on U(t)) which lies in the Morita class 
of 1. In the case f) = C ' 2 , this algebra structure can be compared to the operator product 
expansion of boundary fields in the triplet model calculated in 



The rigid structure on C fd defined in IDRI , Sect. 3.7] assignes to a finite dimensional 



X E C\ the dual vector space X* of all (even and odd) linear maps to C. Let T = C 1 ' G C\ 
as above. Then T* = (C 1 ! )* and T *T* = U(fj) <g> C 1 ! <g> (C 1 ! )* S 17(f)). 

The object T*T* carries a canonical structure of an associative algebra (namely that of 
the internal End of T with respect to the action of C on itself, hence it is in the same Morita 
class as 1). The product \i : £7(f)) *U(fy) — » U{§) on U(\)) =T*T* is computed as follows. 
Denote by ev-p : T* * T — > 1 the evaluation map of the right duality on C . This is given in 
DTU| Sect. 3.7] to be ev T (w ®(p®z) = e(u) ■ <p(z), where u(gxp®z e U(t)) ® (C 1|Q )* ® C 1|D 



and e is the counit on U(f)). Write m : U(t)) <g) Z7(f)) — >■ £7(1)) the Hopf algebra product on 
U{\))\ note that m cannot be the sought-for product on T*T* since it is not an intertwiner 
of f)-modules and thus not a morphism in Co- Then 

r " _1 * 

fj, = U(t)) * U{t)) = (T * T*) * (T * T*) T ' T JT > T * (T* * (T * T*)) 

^■^i T ♦ ((T* * T) * T*) ld < CVT * ld \ T * (1 * T*) = T * T* = U(t)) 

= [id® e) o [id ® 0} o {(id® m) o {id ® S <S> id) o (A <g> zd)} 

= (id ® (A o m)) o(id(g> S (g> id) o (A <g> id) . (7.16) 

The three sets of curly brackets in the second line indicate how the morphisms arise from 
those in the previous line. In the last line we simplified e o <fi = A, with from (|6.2| ) and A 
from (|5.54 ). 



The unit for this algebra is given by the Hopf algebra integral A = (—ti) n /N\ ■ L^l. 
Indeed, since A is an integral on U(\)) we have /i o (id <g> A) = id ■ A(A) = id. That also 
fi o (A (g) id) = id follows for example from the identity in |PR1| , Lem. 2.3 b)]. 
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As in Section |3.2| we set oj = 1 e U(t)). For comparison to [ pR] it is convenient to 
normalise the algebra such that the unit is given by Cl := L^u. Namely, we pass to the 
isomorphic algebra with 

mult.: p, = • (id® (Aom)) o (id®S®id) o (A® id) , unit: Q. (7.17) 

Via Theorem |3.13| , the morphism (x : U(tj) *U(f)) — > U(fy) determines a vertex operator 
V{pL\x) : U(t)) £g> Ind(t/(f))) — )■ Ind([/(f))). Let us look at this vertex operator explicitly 
in the case that [) = C ' 2 . The ground state contribution of V(p,;x)(u <S> to) can be read 
off from (|3.62|) and was already worked out in (|3.18|) (up to the normalisation ln(4) from 
( |3.62| ) which amounts to replacing ln(x) by In (4a;)): 



V(ft; x)(u (g) oj) — ® cu) + ln(4x) ■ fi(x u> ® X +UJ ~ X +UJ ® 

— (ln(4a;)) 2 ■ fi{tl <gj Cl) + (higher terms) , 
= -(ln(4x)) 2 • Cl - 21n(4x) • u + (higher terms) . (7.18) 

Apart from the fact that Cl is the unit for fi we used p,(cj <8> w) = — 7rA(l • 1) • 1 = 0, 
A(x"w ® x + w) = -7r A(-x~X + ) • 1 = -w and /i(x + w ® x^w) = w. 

We will now compare this result to [ pR|| . There, the triplet model of central charge 
c = —2 was investigated on the upper half plane. The chiral symmetry of the triplet 
model is the even sub-vertex operator algebra of a single pair of symplectic fermions. In 
the "Cardy case" one expects a boundary condition whose space of boundary fields is 
just the vacuum represent at ion .0 The other boundary conditions should then be labelled 
by representations M of the chiral algebra, and the spaces of boundary fields should be 
given by the fusion product of M with the dual M*|] This was tested in [ pR| for the 
irreducible representations. Consider the boundary condition labelled by the representation 
V-i/8 of the triplet algebra of lowest conformal weight h — — g. This representation is 
the even subspace of Ind tw (T), cf. Remark |T5](ii). The space of boundary fields is the 
representation 1Z of the triplet algebra ||GR| , Sect. 2.3], which is the even subspace of 



Ind([/(f))) = Ind(T * T*). The boundary OPE found in flGR], Eqn. (2.23)] reads 

lo gr (x)uj gr (0) = -(ln(x)) 2 -fi GR (0)-21n(x)-a; GR (0) + ■■• , (7.19) 

where fl GR = L Q u GR . The expansions ( |7.18| ) and ( [7.19j ) agree upon setting u GR = u) + 
m(4)f2 which then forces Q GR = Cl. 
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This is the case for rational conformal field theory but may fail for logarithmic models | GRW , RGW ] . 



However, for the triplet model there is such a boundary condition [GR]. 

5 For logarithmic models not all M are allowed. One needs to require the existence of a non-degenerate 



pairing on the resulting space of boundary fields, see [GRW, RGW]. 
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A Proofs omitted in Sections g and g 
A.l Proof of Theorem 1275 



The proof follows [|FLM| , Sect. 1.7] and ||Kac2| , Sect. 3.5]. It proceeds by first investigating 
induced modules of a Lie subalgebra f) which is defined as "f) without zero modes". Since 
the essential difference between f) and f) tw is the presence of zero modes in f), analogous 
results hold for h tw and imply Theorem ^]8| (in fact we even have fj tw = h tw ). Here, only 
the proof of Theorem |2.4| will be given explicitly. 



Let 

fj = span{a m | m ^ 0, a G f)} © CK C f) . (A.l) 

This is a Lie-subalgebra of f). For all ^-modules below we will assume that K acts as the 
identity. Given an f)-module M, we define the space of ground states as 

M gs = {v G M | a m t> = for all m > and a G f) } . (A.2) 

A h-module is bounded below if the condition in Definition [2.3| holds (with all ^ 0). 

Lemma A.l. Let the ^-module M be bounded below. If M gs = {0} then also M = {0}. 

Proof. Suppose v G M with u 7^ 0. By boundedness there is N such that fl^^ma ' ' ' a m L ' u = 
whenever mi + • • • + tul > N. By iteration we can find mi, . . . , m n > such that 
w := a^ ni • • • cC n f 7^ but a m w = for all m > 0. But then w G M gs , in contradiction to 
M gs = {0}. □ 

The f)-module U(t)) shows that the boundedness condition in the above lemma is nec- 
essary. 

A super- vector space V will be understood as a h >0 © CK module by letting f} >0 act 
as and K as the identity. Denote the induced f}-module as 

J(V) := 17(g) ^(| >0 ec*) V • (A.3) 



The induced modules J(V) are bounded below. Recall from ( |2.8|) the operator H which 
acts on f)-modules that are bounded below. 

Lemma A.2. H is diagonalisable on J(V) with eigenvalues in Z> . The H-eigenspace of 
eigenvalue is V . 

Proof. Let {vj} be a basis of V and let {a 1 } be a basis of f). By the PBW-theorem, 
{oi l l mi ■ ■ •o?-m n v j} ( wri ere m k > and some ordering prescription on the a l _ m is implicit) 
is a basis of J(V). Since [H,a m ] = —ma m , this basis consists of eigenvectors of H with 
eigenvalue in Z> . The only basis vectors of eigenvalue are the Vj. □ 

Theorem A.3. Let the \)-module M be bounded below. Then the embedding M gs <^-> M 
lifts to a unique isomorphism J(M gs ) = M of ^-modules. 
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Proof. Denote the isomorphism J(M gs ) — > M by j. Existence and uniqueness of the f)- 
module map j follow from the universal property of induced modules. It remains to show 
that j is an isomorphism. 

■ j is injective: Let K C J(M gs ) be the kernel of j. Since J(M gs ) is bounded below, so 
is K. From the definition of H we see that H acts as zero on i^ gs . By Lemma |A.2| , the 
if-eigenspace of eigenvalue in J(M gs ) is M gs . Thus K gs C M gs . Since the embedding 
M gs y M is injective, also the map j is injective on M gs . Hence K gs = {0}. By Lemma 
PI then also K = {0}. 



■ j is surjective: Let M' be the image of J(M gs ) in M. The quotient module M/M' is 
bounded below. Suppose that M/M' ^ {0}. By Lemma |Q| then also (M/M') gs ^ {0}. 



Pick a nonzero u G (M/M') gs and write it = t> + M' for some t> G M. Since ifw = we 
have Hv = m' with m' G M'. By Lemma |A.2| , J(M gs ) is a sum of if-eigenspaces with 



non-negative integral eigenvalues. Hence so is M' and we can write m' = m' + ^2 k>0 m' k 

E \< ■ ( A - 4 ) 



with Hm' k = km' k . Set 



k>0 



The vector w satisfies w + M' = u and Hw = Hv — J2k>o m 'k = m 'o- Since is the lowest 
if-eigenvalue on M', we have a k m' = for all k > 0. Suppose there is a k > such that 
a k w 7^ 0. Then a^w G M' (since a^w = in M/M') and Ha k w = [H,a k ]w + a k Hw = 
—ka k w + a k m' Q = —ka k w. But by Lemma |A.2| there are no negative if-eigenvalues on M' 



and so a k w = for all k > 0. This shows that w G M gs . But M gs is contained in the image 
of j by construction and so u = w + M' = in M/M', in contradiction to our assumption 
u ^ 0. It follows that (M/M') gs = {0} and by Lemma |OJ thereby M/M' = {0}. □ 



To make contact with Theorem [2.4| , observe that if for a given f)-module R one restricts 
the h-action on the induced f)-module Ind(i?) to an fraction, one obtains the induced 
module J{R) (which is independent of the fraction). This follows since both have the 
same PBW basis {a l l mi ■ ■ ■Oi l ^ rrin Vj} already used above. 



Proof of Theorem Denote by Gs : Rept, x (()) — > Rep(f)) the functor that acts on objects 
as Gs(M) = M gs and on morphisms / : M — > N as Gs(/) = f\M gs (since / is an F)- 
intertwiner, / maps ground states to ground states). 

■ Gs o Ind = Id: The f)-module R is embedded in Ind(i?), and this embedding restricts to 
a (natural) isomorphism R — > (Ind(i?)) gs . 

■ Ind oGs = Id: For an ()-module M, the embedding M gs ^ M induces an f)-module map 
]m '■ Ind(M gs ) — > M. Restricting Ind(M gs ) to an [^-module gives J(M gs ) and Theorem 
A.3| then states that the map jm is an isomorphism. The universal property of induced 



modules shows that ju is natural in M. □ 
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A. 2 Proof of Lemma |5.5| 



It remains to show that a map Q / with the properties stated in Lemma [3.5| exists. We will 
make use of the subalgebra f) C f} and the induced [^-modules J(V) introduced in Appendix 
A.l| . Recall that restricting Ind(S') to an f)-module results in J(S). 



For r e R let F r : S — > T C Ind(T) be the map s i-> f{r®s). By the universal property 
of induced fj-modules, this lifts to a unique map F r : J(S) — )■ Ind(T) of f)-modules. Define 

g / (r®v) := F r («) . (A.5) 

By construction, Qf(r <g> s) — F r (s) = f(r<S>s), so that Qf satisfies property 1 in Lemma 
5|. Since Qf(r ® — ) is an f)-intertwiner from Ind(S) to Ind(T) it satisfies property 2 for 



all m 0. For m = we verify property 2 on the spanning set r <g> (ai • ■ ■ a^ m s) of 



i?®Ind(5') (here a 1 G f) and m; > 0). Let 6 G f) and let e be the parity sign (— 1) 
We have 

b Qf({id ® (ai mi • • • <£ m J(r ® s)) = b a\ mi ■ ■ ■ a k _ mk Q f {r ® s) 



mi "-mi 1 
| 6 |(| a i| + ...+| *|) 



(2) i kip/ \ (3) 1 

= £ • a - mi ■ ■ ■ a -m k b o f{r®s) =e- a_ mi .._„, ( 

(4) 



&o /(r ® s) = e ■ a 1 ■ ■ ■ a k _ mk f((b ® id + id®b)(r ® s)) 



(5) 



e ■ Q f ((id ® (ai mi • ■ ■ a* TOfc )(6 ®id + id® b )(r ® s)) 
Q f {{b®id + id®b Q )(id® {a l _ mi • • ■ a k _ mk ){r ® s)) . (A.6) 



Step (1) is the l)-intertwiner property of Q/(r (g) — ), step (2) uses [bo, a m ] = for all a, b, m 
and that Qf equals to / on ground states (property 1), equality (3) holds since / is an 
(j-intertwiner, step (4) and (5) are again the f)-intertwiner property and [6o,Om] = 0. 



A. 3 Proof of Theorem \6.l'Z\ in cases c) and d) 

Since we already have a construction of Vf in case b), the most elegant and conceptual 
way to proceed would be to use Mobius covariance to relate cases c) and d) to b), see 
|PGM| , Sect. 4] (for irreducible ^-representations and f) purely even). However, this re- 
quires to extend the source of the vertex operators to Ind( tw ) (A) <g> Ind( tw ) (B) (cf. Remark 
|3.2| (ii)), which is not treated here. Instead, a direct proof of existence is given for each 
case separately. 

To start with, recall the expression for the half- infinite sums of modes T(a)^f in Defi- 
nition |34](iii) and restrict to x — 1, 




(A.7) 



In a representation of fjftw) on which T(a)^ e is well-defined, we obtain the commutator 
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(a, b E f), m, n E Z + a, a E {0, -}) 

[r«',r(6)i'] = f; ( 1/2 )( 1/2 



V 2 i 



-1) [flm+efc, ^n+ez] 
- £ (m+n) 

= (a,6)(-ir + - v (y ( , 
v yv 1 ^ \ k J \~ k - £ i m + n ) 

= (a, b) (mS m+nfi - (m + \e)5 m+n+£fi ) . (A. 8) 

As an auxiliary device, we introduce a Lie algebra t) a for a E {0, |}. Namely, f) Q = 
f) <g) t Q C[t, t" 1 ] © CK with Lie bracket, for a, b E fj and m, n G Z + a, 

[a m , 6„] = (a, 6) • {m<5 m+rti0 - (m + §)<5 m +n+i,o} • # , (A.9) 

and where a m = a <S> t m . The element K is central. As a vector space, \) a is equal to f)(t w )> 
but the bracket is different. Comparing the bracket ( |A.9| ) to the commutator (|A.8| ) shows 
that for a representation Q in Rep b (resp. Rep^ i(f)tw)), the assignment 

p{a m )=T{a) l m + , p(K) = zrf (A.10) 

defines a representation of f) (resp. f)i) on Q. The assumption that Q is bounded below 
guarantees that the infinite sum in T(a)^ + truncates to a finite sum when acting on an 
arbitrary element of Q. 

Let us concentrate on case c) in Definition |3.1| for concreteness. Case d) can be proved 
along the same lines and will not be treated explicitly. 

Pick X,Y E SVect and R E Rep lf (f)) and fix an even linear map / : X <g) R — Y Y. 
We will show that there is a vertex operator V : M>o x (X £g> Ind(i?)) — > Ind tw (F) which 
satisfies G(V) = f. This will be done in two steps: 



1. Construct an even linear map ^(1) : Xcg)Ind(-R) — > lnd tw (Y) which satisfies condition 
(iii) in Definition |3.1| , restricted to x = 1. Explicitly, 

r(a)^oV(l) = <y(l)o(id®T(a)^ + ) . (A.ll) 

The map V{1) must in addition obey P gs o V(1)\x®r = /■ 

2. Extend ^(1) to V(x) for all x E M>o and show that conditions (i)-(iii) in Definition 
[H] hold. 

Step 1. is equivalent to the following problem: give a bilinear pairing P : Indt w (^)' x (X £g> 
Ind(i?)) — > C subject to the condition, for all 7 G Ind tw (F)', v E X, r E R and a E f), 

m E Z, 

P(p(a_ m _^,v®r) = (-lpW(-i)-P(j, (id x ®p(a m ))(v®r)) . (A.12) 
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To see this, note that the canonical pairing Ind tw (^)' X Ind tw (K) — > C satisfies 
(T(aY m + ^ w) = jr ( lf k 2 ) (-l) fc • (a m+k <p, w) 

m jr ( 1/2 ) (-!)*.(»,,«_„> 

fc=0 ^ ' 

= -(-l)l*I^T(a)^), (A.13) 

and so 

^(7V)^_i7, a ® r) = (T(a)^_ ,7, V(l)(a ® f )> 

= -(-l)l«ll7l( 7; r(o)^V(l)(o (S r)> = -(-l)WWi(^ V(l)(id ® T{af m + ){a ® r)> 
= _(_i)l«ll7lip( 7) g, T(a)^+)(a <g> f)) . (A.14) 

The pairing P will be defined on a pair of PBW-bases for Ind tw (F)' and Ind(i?). Recall 
the basis {a l }i £ x fixed in Section |2.1| . Pick any ordering on X and define an ordering on 
X x Z via (i, m) < {i! ', m') if m < m! or if m = vnl and % < i' . The set of vectors 

p{{^)- mi -\)---p{{^ n )-m n -^H , ( A -!5) 

where (ii,wi) > • • • > (i n ,m n ) (and '>' of two consecutive odd basis elements), > 
for all k, and jj is an element of some basis of Y*, forms a basis of lndt w (Y)'. To see 
this, one can use that p(a m ) = a m + (higher modes) and relate ( |A.15| ) to a PBW-basis of 
the induced f)t w -niodule Ind tw (K)' = Ind tw (K*). Or one can show directly that p turns an 
induced f) tw -module into an induced f)i -module. Similarly, a basis of Ind(i?) is given by 

p((c?)_ mi )---p((c7")_ m Jr i , (A.16) 

where > ••• > (i n ,m n ) (or '>' for consecutive odd elements), > for all k, 

and rj is an element of some basis of R. The case m k = is excluded because the zero 
modes are part of the subalgebra of f) used in the induction. 

Fix v £ X. The pairing P will be uniquely defined on a pair of basis vectors (ej, fj) 
with ej of the form ( |A.15| ) with nj modes acting on the ground state and fj of the form 
( |A.16|) with nj modes: 

• rij = and nj = 0: P( / -f i ,v <g> rj) = (ji, f(v £g> fj)), where / is the even linear map 
X <S> R — > Y fixed at the start of the argument. 

• nj = and rij > 0: P(ji, v Cg) fj) — 0. 

• rij > 0: Use condition ( A.12| ) to move all modes from the left argument of P to the 
right one, then express the resulting product of modes in the right argument of P in 
the basis ( |A.16 ); this leads to one of the previous two cases. 
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This prescription defines the bilinear pairing P. However, it is not a priori clear that P 



satisfies ( |A.12 ) for all choices of a,m, 7, r. This is what we will establish next. 

By expressing f G Ind(.R) as a sum of PBW-basis vectors, the definition of P gives 



(-l) parity signs H)" • P{l , " • ■P((^) mi )(v 9 r) ) 



(A.17) 



whenever p((a n ) _ mi _ 1 ) • • ■ p((a Jn )_ mn _i ) is ordered as in the PBW-basis. From (|A.9| ) we 

see that for k, I < — | or for fc, I > we have [5^,5;] = 0. Thus ( |A.17| ) continues to hold 
independent of the ordering, as long as m k > for all k (the parity signs in the reordering 
are the same on both sides). It follows that ( A. 12 ) holds for all a, 7, f and all m > 0. 

For m < we proceed by induction on the number n of a_ m _i -modes in left argument 
ofP: 



■ If n = 0, the left hand side of ( |A.12| ) is zero as p(a_ m _i)7 = for all m < 0. The right 
hand side is zero, too, as for any f in the basis ( |A.16| ), p(d m )f can be reordered to a basis 
vector of the form ( |A.16| ) as well, and so P vanishes by the second point in the list of 
defining properties. 



■ Let n > and suppose ( |A.12| ) holds for all 7 = e/ with nj < n. Let now ej be a basis 
element with nj = n. Pick b e f) and > such that b_ k _iei is again an element of 



the basis (|A.15|) . Let a e f) and m < be arbitrary. In the following calculation, all p's 
are omitted and on the right hand side fj is written instead of v ® fj, and a m instead of 
id g) p(a m ). We have: 

P(a_ m i6_ fc _i e/ ,/j) = (-l) |a|l M&-fc-i 5 -™-§ e ^) + P ([ & - 
= -(-lJ^+'^^'PCe/.^/j) - (-l) H|fc| P(e 7 , [b k ,a m ]fj) 

©-(-ljdi+wJi^iC-iji-iWp^.ft^) 

W / iMa|([ei[+[6|)/ 



-1 



>(-z) 1 P(b_ k _ie I ,a m f J 



(A.18) 



Equalities 1 and 4 are the already established statement that (|A.12 ) holds for all m > 
0. Equality 2 is, firstly, the induction assumption, and secondly, the observation that 
[d_ m _i,b_ k _i] = [a m , bfc], together with the fact that K acts as 1 on all modules. To see 

that the parity signs work out in equality 3 note that a m ] can only be non-zero for 
M = |6|. 

This completes step 1. Next we turn to step 2, the extension of V(l) to V(x). It will 
improve readability if we abuse notation and write [L m , V(x)) to mean L m o V{x^ — V(x) o 
(id ® L m ). We start by reducing the extension problem to the condition 



[L -L^,V(1)\ 



sdim(f)) 
16 



V(l) 



(A.19) 
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Namely, define 

V(x) = x - SJ ^r 1 exp(ln(x)L ) o V(l) o {id ® exp( - \n(x)L ) } . (A.20) 

By local finiteness, the exponentials converge and one obtains a well-defined linear map 
Xcg)Ind(-R) — > Indt w (K). The x-derivative of a matrix element (7, V(x)(v <8>f)) is (omitting 
the (7, . . . (f <S) r)) from the notation): 

A V{x ) = + 3.-1^ V{x)] . (A .21) 

To compute [L- U V(x)] we use e -M»)-&o£,_ ie H*)£o = x~ x L-\ to find 

[L_i, = arV^ e ln(:c)Lo o [L_ 1; V(l)\ o {id ® e - ln(x)i °) 

= x- 1 [L ,y(x)]-^x-V(a;) , (A.22) 

where in the last step condition ( |A.19| ) was substituted in the form [L-%, V(l)] = [L , V(l)] — 
8 ^T (1), This shows that inside matrix elements we have -^V(x) = [L_i, V(a;)] as re- 
quired, so that condition (ii) in Definition |3.1| holds. The explicit form of the x-dependence 
in (|A.20|) also shows that the smoothness requirement in (i) is satisfied. 

It remains to prove ( |A.19| ). In terms of the pairing P, we need to verify that for all 
7 G IndtwfT)', v G X and f G Ind(P), 

P{(L - LO7 ,v®r)=P(i,v®(L - L. x )f ) + • P( 7 , v ® f) . (A.23) 

To start with, suppose that 7 = 7 6 7* is a ground state. Then by (|2.21| ) the left hand side 
of ( |A.23| ) is equal to sdl ™^- ) P(7, v®r). Thus we need to verify that P(7, f(g)(L —L_ 1 )f) = 0. 
If also f = r G -R is a ground state, the same calculation as in ( |3.12p (with x — 1) shows 
that , — , 



P(j, v ® L_ir) ^ I P(t, fi (2 % ® r) ^ P( 7 , u ® L r) , (A.24) 
as required. For f arbitrary, we will need the identity 

[L - L_i , p(d m ) ] = -(m + ~) p(a m ) + mp(d m ^ 1 ) . (A.25) 

To see this, first note that [L m , a^] = —ka m+ k, as is immediate from ( |2.11|) and (|2.21|) . We 
have, for all a G f) and all m G Z or m G Z + |, 

[L - L-i,T(a)^+] + (m + \)T{af m + - mT(a)^+ 1 

= E( J. ) ( _1 ) fe ( ~~ ( m + k)(a m+k - am+fc-i) + m(a m+k - a m+fe _i) + |a m+fc } 

= E Of) + E Of) (-!)*(! - 

i,_n \ / i>— n V / 



fc=0 v 7 fc=0 

00 



E { - Q+i) ik+1) + Cf ) ( ^ " ^k- 1 )^ = ■ ( A - 26 ) 
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An analogous calculation gives the adjoint relation 

[p(o_ m _i), Lq-Lx] = -(m + \)p(a_ m _i) + mp(a_ (m _ 1} _i) . (A.27) 

Remark A. 4. In terms of fields, one would write [L m , a(z)] = (m + l)z m a(z) + z m+1 -^a(z), 
so that [L — L-\,a(z)\ = a(z) + (z — l)-^a(z). It is then easy to evaluate [L — 
L_ 1; T«+] = §z m (z- 1)1 [L - L-i, £»(*)]£. 

Since we already know (|A.23|) on ground states, we may assume that f = p(b^ m )fj for 
some b G f), m > such that we obtain an element in the basis ( |A.16| ). Then 

(L - L^)p(b_ m )fj = [Lq - p(b- m )\fj + p(L w )(L - L-O/j . (A.28) 

When inserting this into P(7, f <8> — ) and using (|A.25|) , both summands on the right hand 
side give zero separately, since by ( |A.12| ) for a ground state 7 and for all a G f), k > 0, we 
have P(j, (id eg) p(a_ k )(v Cg> f)) = 0. 

The general case of ( |A.23|) now follows by induction on the number of a m -modes in the 
left argument of P via the equalities (the same abbreviations as in ( |A.18j ) apply), 

P((L - Li)a_ m _ij, f ) 

= P([L -L 1 , d_ m _ i]7 , f ) + P( 5_ m _ 1 (L - ^1)7 , r ) 

i (_l)l»ll7l (_i) (>( 7 , [ Sm , L - L_x]f ) + P( (L - Li)7 , 5 TO f )) 

= (-l) Hm H) (P( 7 , [5™, ^0 - L-i]r ) + P( 7 , (L - P-i)a m f ) + ^1 P( 7 , g m r )) 

= (-l)l-IW H)(P( 7 , ~a m (L -L. x )r) + =^P(<y, a m f)) 

= ^(5-^17 , - L_ x )r ) + ^ P( ~a_ m _p , f ) . (A.29) 

In step 2, expression (|A.27|) is used to convert the commutator involving L's into a's 
which are then moved to the other argument using ( A.12 ) and converted back into an 
L-commutator via ( |A.25| ). In step 3 the induction assumption is used to move Lq — L\ to 
the other argument via ( |A.23| ). The completes the proof of the commutator (|A.19 ). 

We have now proved Theorem |3.12| in case c). Case d) works along the same lines and 
will not be treated explicitly. 



B Computation of four-point blocks in Table J 

B.l Cases 000 and 001 from normal ordered products 

Untwisted vertex operators 

If all representations are taken from the untwisted sector Co, it is straightforward to obtain 
the Coulomb gas expression for products of several vertex operators - or rather a generali- 
sation thereof to the non-semisimple and super setting used here. Let us briefly go through 
the calculation. 
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Recall the notation and E± S q introduced in ( |3.31| ) and ( |3.32| ). The exchange 
relation ( p.35| ) implies that for m > 



^ E ( l s \y) = E { l s \y) (flW + y™ ■ n«0 ) 



(b.i; 



To compute the product of several normal ordered exponentials we first repeat the standard 
mode commutation exercise to obtain, for x > y > 0, 



E { ; s \x) E^ s >{y) 



(?*)/ 



eX Pl Z^m>0 -m lim 



(0) 



exp( ln(l-*) • fi«>) £^ s) (y) Pf . 



1 (V\m 



(B.2) 



The condition x > y is needed for convergence. 

Now pick Ro,..., R s , Pi,---, P s -2 G Rep lf (f)). Let : P* <g) P* P_i with 1 < i < s-1 
be f)-intertwiners, where it is understood that Pq = Ro and P s _i = R s . The product of 
vertex operators 



(B-3) 





Ri 


R-2 




Rs-1 


-Ro 


Pi 


P 2 


Ps-2 


Rs 



fV,Xl f2\X 2 

with x\ > x 2 > ■ ■ ■ > x s _i > 0, is given by 

^Pgs o V(/i; x x ) o g> V(/ 2 ; z 2 )] ° • 
= A ° (idjij <8> / 2 ) o • ■ • o {id Rl ®...® Rt 

o exp^ ln(xj — Xj) ■ 

l<i<j<s 



f a -i;x s -i 



••° [id Rl ®...® Rs _ 2 ®ViF._ 1 (: 
-a ® 

+ ln(4) , 

l<i<j<s 



-l)] 



(B.4) 



where it is understood that x s = 0. This product of vertex operators, restricted to ground 
states, is an even linear map Pi ® P 2 <S> ■ ■ ■ <S> R s — > Ro- 

To arrive at ( |B.4| ), first move all the E Q (xj), which are endomorphisms of PjCg)Ind(Pj), 
all the way to the right. By Lemma [3.5| , moving zero modes through Q f results in the action 
of the zero mode on the tensor product, this results in exp(J^ =i+1 ln(xj) Q,^) for each E . 
Moving all E + through all E_ results in exp(^ 1<i<j<s ln(l — ^) VL^). Composing these 
two gives (|B.4|) . The ln(4) terms arise due to the normalisation of the vertex operators in 

Note that choosing s = 3 and x\ — 1, x 2 = x produces the four-point block quoted in 
case 000 of Table |I[ 



Example B.I. Let us see how the general expression ( |B.4|) specialises in the two examples 
treated in Section |3~"2"| , using the notation introduced there. 

(i) Single free boson, t) = C 1 ' : Choose the one- dimensional [^-representations Pj = C Pi for 
some G C. Then exp(hi(xi— Xj)-Q^') = (xi—Xj) PiPj and one finds the standard Coulomb 
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gas expression (the ln(4)'s have been absorbed into the constant and it is understood that 
x s = 0) 

O = (const) <W-+p.-i II (Xi-Xj)^. (B.5) 

(ii) Single pair of symplectic fermions, f) = C ' 2 : For / : A* P — )■ P and g : 5 * C — >■ P we 

get 

Pg S o V(/ ; x) o (id A ® ^(s-; y)) \a®b®c 

= f o (itk ® o exp ( ln(4(x - y)) ■ ft (12) + ln(4z) • fi {13) + ln(4y) • ft (23) ) (B.6) 

Since any product of three modes in fj is zero, monomials built out of four or more 

are zero. Thus the above exponential terminates with the term of power three. 
Such products of symplectic fermion vertex operators were first computed in [ pR|| . 

Twisted vertex operators 

Let R, S G Rep lf (fj) and X, Y, Z e SVect and fix even linear maps of super-vector spaces 
/ : F(R) ®Z-+Xandg: F(S) ® F -> Z. The computation for 





R 


s 


X 


Z 


Y 



, fr P gs o \ •(/: X ) o (id R ® H,/: y))| fl ^ y , (B.7) 

where x > y > 0, is similar to the one leading to ( |B.4| ). Recall the notation E^ from ( |3.43| ). 
Because ^ mgZ>0+ i ~^"(f) m = ln(l — y/yjx) — \n(l+y/y/x), the identity corresponding to 
( P-2| ) now reads 

Pf \x) E^ s \y) = exp( In ^ ■ fi«*>) E^ s \y) E<?\x) . (B.8) 
This results in, for x > y > 0, 

P g s o V(f; x) o (id B (g. V(g; y))\ ms ^ Y 

= f o (id* <g> <?) o exp ( - I ln(x) • tl^ - I l n (y) • fi( 22 ) + In • fi( 12 ) 

-ln(4) • (fi^ 11 ) + fi( 22 ))) . (B.9) 

Setting x — 1 gives case 001 in Table [I]. 

B.2 Cases 010 and 100 from translation invariance 

There are two further four-point blocks with two twisted representations which can be 
found from (|B.9|) by translation invariance. Write 



v(x,y,z) = P gs oV{f;x- z) o (id R ®V(g;y - z))\ mS Q Y ; ( B - 10 ) 
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this is a four-point block with R, S, Y inserted at x, y, z, respectively. Omitting the precise 
morphism-dependence gives 



u(x, y, z) = (morph.) o exp ( - \ \n{x-z) ■ - \ \n{y-z) ■ Q {22) + In ^Er^g . \ , 

(B.H) 

where the exponential is an endomorphism of R £g> S <S> Y . The re-dependence of the four- 
point block will be of the form u(l,0,x) in case 010 and of the form v{x, 0, 1) in case 
100, respectively. To determine the morphism in front of the coordinate dependent part, 
we compute the ^-expansion of the product of the two vertex operators explicitly to first 
non-trivial order. 



Case 010 

The first two orders in the x-expansion are 

0, x) = (morph.) o exp ( - \ ln(l-x) • - \ ln(x) • Q {22) 

+ (2N + l)m ■ tt (22) + In ^pzi^yg . n (ia) ' 
= (morph/) o exp (- \ ln(x) • fi {22) ) o (idnasw ~ 2zi/fi (12) a;a + O(x)) . (B.12) 

In the first equality the ambiguity in choosing a branch of the logarithm and the square 
root is made explicit via the constants N 6 Z and v e {±1}, respectively. In the second 
line, N was absorbed into a redefinition of the constant morphism. 

We want to use the expansion of the above functional form to conclude the full in- 
dependence of the four-point block in case 010 from its expansion to first non-trivial order. 
Pick / : R® Z -)■ X and g : Y <g) S ->■ Z. We want to compute 





R 


Y 


X 


z 


s 




X 



P gB oV(f;l)o(id R ®V(g;x)) . (B.13) 

To obtain the first non-trivial order, we will insert a sum over intermediate states for 
Ind(Z), namely 

id Ind{Z) = P^ + J2Y,^-rn P &<+--- > ( B - 14 ) 

m>0 i£X 

where the sums run over positive elements in Z + | and the omission stands for terms with 
two or more a 1 and (3 % . Using this, we can evaluate 



QBTT3D = B + B 1 + . . . 

= f ° {idR ®g)o exp (-ln(4)-(fi( n )+^ 33 ))) 

o exp I — \ ln(x) ■ fi (33) ) o (idflgygs - 2ix^( 13 ) + 0(x)) , (B.15) 
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where B{ is the z'th order in the x-expansion and the equality (*) will explained in a 
moment. First note that comparing the small- x expansion of 1/(1,0, x) in ([B.12| ) to (P-15Q 
fixes the full expression for ( B.13 ) to be the one given in Table | (that tt^ and tl^ 



appear instead of f^ 22 -* and Q^is due to the reordering of tensor factors). 

To obtain the B iy insert ( |B.14| ) between V(f; 1) and V(g;x). This gives B = P gs o 
V{f- 1) o (id R ® P gs ) o (id R ® V(g; x)) and 

B x = 2 V P gs o V(f; 1) o {fi{ , )W o ® P gs ) o )( 2 ) o (^ ® a;)) 

z * 2 2 

iez 

( = ] -2z x^ ^ P gs o 1) o (/^)« o ® P gs ) o ® a;)) o (aj)< 3 > 

= -2zx^ -B Q oVL [n) . (B.16) 
To obtain (**), one uses case c) in part (iii) of Definition |3.1| for m = 0, together with 

T(a- 7 )^'~ = a{ + (neg. modes) , T(a J ')o' + = a 3 + (pos. modes) , (B-17) 



as well as case b), which gives P gs o V(f; 1) o (f3\)^ = -P gs o V(f; 1) o Finally, to 

2 

get (*) in (|B.15| ), substitute the expressions in ( |3.62|) for the action of vertex operators on 
ground states. 

Case 100 

The first two orders in the x-expansion are 

u(x, 0, 1) = (morph.) o exp ( - \ ln(l-x) • Q {11) + In ■ 

= (morph.) o exp (u In f ■ Q^) o (id ms ® Y + f (Q^ + uQ^) + 0(x 2 )) . 

(B.18) 

In the first equality the ambiguity in the square root branch cut is captured by v G {±1} 
while the choice for the logarithm has been absorbed into the morphism. 

Pick an even linear map / : Y (g) P — > X and an fj-intertwiner g : P £g) S — > P. In the 
untwisted sector, the sum over intermediate states for iG?i n d(p) is of the same form as (|B.14j ) 
except that the sum now runs over m G Z >0 . The expansion of the four-point block is 



^ gs ° V(f; 1) o (idy <g> V{g; x)) = B + B 1 + . . . 





Y 


R 


X 


P 


S 



(*) 



f o (id Y <g> g) o exp (ln(x) ■ n {23) - ln(4) ■ (fi( 22 ) + + n^)) 

o {idy® ms + ±x • (fi (22) + fi (23) ) + 0(x 2 )) (B.19) 

Before looking at the details for equality (*) let us compare the above expansion to (p,18| ). 
Firstly, in flBTTgp we have to replace by fi (22) and fi (12) by fi (23) . Next, we see that 
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V 



+ 1 and that the morphism in ( |B.18| ) has to be chose as / o (idy <8> g) ° exp( — In (4) 



(n( 22 ) + f^ 33 ))). This then produces the four-point block given in Table |l|. 
Equality (*) is found by computing B and B\ as 

B = P ss ° V(f; 1) o (td Y ® Pgs) o (idy ® 7(#; x)) 

l M / o exp( - ln(4) • f2 (22) ) o (idy g> g) o exp ((ln(x)+ln(4))-^ (23) ) 
= fo (idy <g> (/) oexp(ln(x) • fi {23) - ln(4) • (fi (22) + fi (23) + fi (33) )) . (B.20) 



and 



2" 



|x- J B o(fi (22) +fi (23) ) • (B.21) 



For (**), firstly, one uses case c) in part (iii) of Definition [3J] together with 



T^flt = - \Pi + (pos. modes) ; (B.22) 

since 

T(P>)ht vanishes on P gs o V(f; 1), we can replace with |/3q. Secondly, case a) in 
part (iii) states that moving a{ past V(g;x) gives ia J ' ® id plus a term that vanishes on 
ground states. 

B.3 Contour integrals of currents 

In this and the next two sections the language of currents and conformal blocks is used 
to derive differential equations for the four-point blocks of types Oil and 111 in Table |l[ 
This is an adaptation of the methods in [KZ, DFMS, Za] to the present setting. 



Let us agree that a(z), b(z), etc., denotes an insertion of a current for a, b, ■ ■ ■ G f) at 
position z. By (j)(x) we shall mean a state from a representation in Rep;, ^fj) and by a{x) 
a state from a representation in Repj, 1 ((jt w )- If we do not want to specify if the state lies 
in a twisted or untwisted representation, we write 7(2). 

By definition 

(a ml )(x) = I (z-x^aizMx)^ , (B.23) 
J\z-x\<s:i 

where m G Z if 7 lies in an untwisted representation and m G Z + 1 for twisted representa- 
tions. To avoid sign ambiguities we must decide on a convention for branch cuts of square 
roots. Define s(z) to be the square root of z with branch cut placed along the negative 
imaginary axis, i.e. 

s(re ie ) = V¥e i9/2 for #e[-f,f). (B.24) 
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Figure 4: Branch cut conventions implicit in the mode exchange relations given in Definition 
3.f : a) for currents in the presence of insertions a(x)4>(0), where a is twisted and <j> is untwisted, 
and b) for currents in the presence of a(x)a'(0), where both a and a' are twisted. 



Analogously, we fix the convention that close to an insertion of a state from a twisted 
representation, the branch cut for currents is along the negative imaginary axis, shifted to 
the insertion point, see Figure |l[ In other words, close to x the combination s(z — x) ■ 
a(z) a(x) is single valued. In particular, in the twisted case the mode integral ( |B.23| ) stands 
for 

(a n+ ia)(x) — (p (z - x) n s(z - x) a(z)j(x)^ , where neZ, (B.25) 

so that the integrand is single valued close enough to x. 

To get some practise with this convention, let us recover the mode commutator pos- 
tulated in cases c) and d) of Definition |3.1| . For case c) consider the current a(z) in the 
presence of insertions a(x)<f>(0). We place the branch cut of the twist field a(x) as shown 
in Figure §a) and take z n yj z — x to have the same choice of branch cut (and to be positive 
for z ^> 0). Then by construction, z n y/z — x a(z) a (x) (f)(0) is single valued. Depending on 
whether z is close to or oo, we have the expansions 

\z\ > \x\ : z n \[z — x 



z\ < \x\ : z n y/ z — x 



That +i appears instead of —i in the expansion for \z\ < \x\ follows from our choice of 
branch cuts. In fact, the whole point of carefully defining the branch cuts is to keep track 
of these signs. 

Suppose now that a is a ground state. Then by definition, a m a = for m > and so 



rtW(i-i)* = ECD 

fc=0 ^ ' 

z n i^x~^~z = iz n ^(l - f ) * 



{-x) k z n - k s{z) 

oo 



IX 2 



k=0 



1/2 
k 



-xY k z n+k 



(B.26) 
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for all n € Z>o 



|z-a:|<l J\A>\A J\A<\®\ 

k=0 \ ' 

- (-l)HM^ (-x)- h a(x)(a n+k <t>)(0) . (B.27) 

The omissions both stand for the original integrand. In (*) the expansions in the relevant 
domains have been substituted and the definition of the mode integrals was inserted. The 
resulting identity is case c) of Definition |3.1| . (The parity sign disappears in Definition 37T 



because the vertex operator there has not been evaluated on a particular element of the 
representation A.) 

For case d) we consider the current a(z) in the presence of insertions a(x)a'(0). The 
branch cuts for a(z) and for the function z n ~ x ^z~ \J z — x are as in Figure §b). The expan- 
sions now are 



\z\ 


> 


\x\ 


\z\ 


< 


\x\ 



I — n \ / 



.." — ■I- !~ . / - _ - II / I ■'' \ 2 ^ ^ / /— I; ,,\l<.ll—l> 

k=0 

z n ~ x ^yjz~^ = iz n - l s(z)^x~{l - f) 2 

oo 



= is* ( X ( 2 ) {-xY k z n - 1+k s{z) . (B.28) 

fc=0 ^ ' 

An analogous contour integral calculation to the one before now gives case d) of Definition 



3.1 



B.4 Cases Oil, 101, 110 from differential equations and transla- 
tion invar iance 

Let P, S, P G Rep lf (fj) and X, Y G SVect and let / : S ® P -> R, g : X <g> Y -> P. We will 
compute the block 



F(x,y) := 





5 




p 


p 


y 


/ 







S®X®Y -> P . (B.29) 



by finding a differential equation for the y-dependence and then using the asymptotics to 
fix the remaining x-dependence. Specialising to x — 1 gives the four-point block in case 
Oil in Table |l|. By not specialising to x — 1 from the start we can then use translation 
invariance to obtain the blocks in the cases 101 and 110. 
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Fix 0* in the dual R* of the space of ground states in Ind(i?), 4> a ground state in S, 
r G Ind(X) and a ground state a G Y. Assume that a m r = for all m > | (so that r is 
built by acting with modes of grade — \ from a ground state). 

Consider a conformal block of the form B(z) := (<j)*\a(z)(f)(x)T(y)a(0)) for some a G f) 
and the function f(z) := z? (z — y)~z. We choose the branch cuts for B(z) and f(z) as in 
Figure §b). For large z and for z close to y we have the expansions 

f(z) = 1 + O^z- 1 ) , f(z) =y*(z- y)~l + \y^{z - y)$ + 0((z - #) . (B.30) 
Via contour deformation one obtains 

(0>o(0(*)r(2/MO))>= / f(z)B(z)£- t 

J\z\>\x\ 

= x^(x - y)-^((j)*\(a (f))(x)T(y)a(0)} 

+ (-l)HI^I (^^(^I^Ca^ir)^)^^)) + | 2 /-i(^|^(x)(air)( 2/ ) f r(0))) . (B.31) 

Abbreviate £ = b_ia_ia' for a ground state a' and where a and 6 have the same par- 
ity. Iterating the above identity twice, starting with r w a -\ a ' an d a b, gives (the 
coordinates are not written out) 

y ■ m<t>&) = - £(M)(^<rV) + (0*|Mo (0aV)> 

- (1 - I)"" (<0*|6b (M)^)) + (-l) H|fe| (0> o ((M^)>) 
+ (l-*)~Vl(W)*V> . (B.32) 
To obtain the Knizhnik-Zamolodchikov differential equation |[KZ|| we set r = By 



( 2.21 ) the Virasoro mode L_i acts on a twisted representation as 



2 2 



so that in particular, r = | Xliex ^1 i Combining this with (P.32|) leads to the 

2 2 

following first oder differential equation for F(x,y): 

yf y F{x lV ) =(±n^) - «i) o F(x,y) - (1 - o F(x,y) o (« l )« 

+ l( 1 -!)" 1 ^v) ofl(11) (B.34) 
The logarithmic derivatives are easily integrated: 

(l_S)-5=^|.l n iVE£ (!_^-i = a ^jl (B 35) 
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It remains to find the solution with the correct asymptotics for y — > to match the product 
of vertex operators in ( |B.29|) . From (|3.62|) we read off 

F{x,y) ~ / o exp((ln(x) + ln(4)) • tl^ + \ m(y) ( - ^ + ^ 22 >)) 

o{id s ® (go(l®id x ® Y ))} ■ (B.36) 

This motivates an ansatz of the form F(x, y) — f o E(x, y) o {ids ® (g ° (1 <8> ^x®y)) }• 
Substituting the ansatz into the differential equation ( |B.34| ) and using that / : S £g> P — > R 
is an f)-intertwiner we get the solution 

E(x,y) = exp(ln(j/) ■ (if!< u > + fi< 12 ' + Ifil 22 > - 53=®) 

where u(x) is a function which will be determined now. The asymptotic behaviour of 
E(x, y) for small y is 

E(x,y)~ex P (Hy).(^-^) 

+ \n(x) ■ + fi (12) ) + ln(4) • (Vl^ + rt 12 *>) + u(x)) , (B.38) 



and comparing to ( |B.36| ) we read off u(x) = — (|ln(x) + ln(4)) • Q( n \ Altogether, for 

x > y > 0, 



F(x, y) = P gs o V(f; x) o (id s ® V(flr; y)) |,scg.x®y 

= y" ^ • / o exp ( ln(y) • (§^ n ) + tl^ + Ifi( 22 )) - In ^^Eg • (fi( n ) + fi( 12 )) 

+ ln ^=y) ■ - ln ( 4 ) • fi(H) ) ° (^ ® (g o (1 ® z<W)) } • (B-39) 

Specialising (a;, y) to (1, x) gives the formula in case Oil of Table |I[ 

In order to use translation invariance to find the four-point blocks in cases 101 and 
110 we need to bring (|B.39| ) into a form where none of the fiw act on the "internal" 
representation P. This is achieved in the followings slightly more complicated looking 
reformulation 



F(x, y) = {ev s ® id R ] o exp (§ ( - ^1 + n G»)) i n(y) _ ln Iz^g . n (i3} 

+ ln ^-^ (11) - ln (4)-fi (11) ) 

° {ids<g>s* ® (/ o ® fiO) } ° {^s <8> coev s <g> 1 <g> id x ®y } , (B.40) 

where the exponential is now an endomorphism oi S ® S* ® R and where we used the 
evaluation and coevaluation maps ev s : S <S> S* — > C and coevs : C — > S* <S> S of SVect. 

As in Section |B.2| we write u(x, y, z) = F(x — z,y — z). Then the functional form in 
cases 101 and 110 in Table [I] is given by v(x, 1, 0) and i/(0, 1, x), respectively. 
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Case 101 

The specialised four-point block reads 



v(x, 1 



, 0) = {ev 5 ® id R \ o expf- In w v^ ZT+1 . n (i3) _ i n ( x (i_ x )) . IfidD _ i n ( 4 ) 

1 J V w y 1/as— 1— 1 / 

° {^5®5* <S) (morph.) } o jzd s <g> coevs <g> ic?x®y } , (B.41) 



The ambiguity in choosing the square root branch is captured by v G {±1} while the choice 
of branch for the logarithm has been absorbed into the morphism. The expansion of the 
exponential is 

exp( • • •) = exp( - (| ln(x) + ln(4)) ■ ^) o (id s ® s *® R + 2iux^ ■ ^ + 0{x)) . (B.42) 

Pick a morphism / : X * Z = U(t)) £g> X <g) Z — )■ P and (7 : 5 £g> K — > Z. The expansion 
of the product of vertex operators is given by 



P gs o V{f; 1) o {id x ® Kfo ar)) = S + 5 X + . . . 







s 






y 



( = } (idji ® ev 5 ) o exp( - (±ln(x) + ln(4)) • ft( 33 )) o (z<W* 8S - 2zr^ • fi {13) + 0{x)) 
o {(/ o (1 <g> id x ® g)) ® «ds*®s} 



o {zc?x <8> [(ry,5 ® id s *®s) («^y ® coev 5 o r 5) y] } 



(B.43) 



Relative to ( |B.42|) the "S'-slmg" has been moved from the left to the right. In any case, we 
see that in ( |B.41 ) we must take v — — 1 and fix the morphism part to be (/o (1 ®idx ® g))- 
This recovers case 101 in Table [l|. 
To verify (*) in (|B.43|) compute 



B ^ f o (1 ® ® ^) o exp( - (| ln(x) + ln(4)) • ft( 22 )) 



Bi^2V P gs o 1) o (/3f , )( 2 ) o (id R ® P gs ) o (a{ )^ o {id R ® V%; x)) 
-* ' 2 2 



( *= ) -2iz*£/?'"o5 °(a'') (2) 



[BAA) 



For (**) first recall from Definition [3.1| that T(a)% = a_i + (pos. modes) and T(a)^ = 

2 2 

ao + (neg. modes). Case d) of that definition then gives P gs o V(f; 1) o (f3 J _ L )^ 2 ' = — ift o 

2 

Pg S o V(f; 1), while case b) gives a{ o x)|s®y = 12 V^p; 2) o (a J ) (1) | 50 y. Finally, to 

2 

obtain (*), insert evaluation and coevaluation maps for S to produce an "S'-sling" which 
allows one to move the modes acting on S to the left. 
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Case 110 

Here one finds 

1/(0, l,x) = {ev s ® id*} o exp (§ ( - + n^) ln(l-x) - In ^ • fi( 13 ) 

+ i n i=£ . _ ln(4) ■ 

° {^S®5* ® (morph.) } o {icfe <g> coev 5 <g> ic?X(g>y } , (B.45) 

There is no square root ambiguity to determine, but let us compare the first order expan- 
sions anyway as a consistency check. We have 

exp( • • • ) = exp( - (± ln(x) + ln(4)) • fi( u >) o (id s ® s *® R + ^ ■ tl^ + 0{x)) . (B.46) 

Fix / : X * Z = U(ty <g> X ®Y -> P and </ : Y ® S ->■ Z . Then 



P gs o 1) o (idjf ® x)) = P + Si 





X 


Y 


R 


Z 


S 



( = ] (^ R <g) ev 5 ) o exp( - (± ln(x) + ln(4)) • Q^) o (i<W <? + 2x^ ■ + 0(x)) 

o I (/ o (1 (g) id x <g) gr)) <g) ids*®s} o {irfxcgiy ® coev 5 (g>id s } ■ (B.47) 



Thus in ( |B.41| ) we must again take the morphism part to be (/ o (1 <g) idx <g> <?))• This 
recovers case 110 in Table |l| For (*) note 



B / o (1 ® zd x ® o exp( - (lln(x) + ln(4)) ■ fi( 33 )) , 

Bi 6p 2 V P gs o 1) o (f3\)W o (^ (g, P gs ) o (a{)^ o ® V(g;x)) 

' ■ o o 



(**) 



j6X 



o a 



(B.48) 



For 



we have P gs o V(/; 1) o (/^i)^ = — o P gs o V(f; 1) as in case 101, as well as 

^ 2 

a{ o V(g; x) = ix? V(g; x) o (a J )( 2 ) as in case 010. 
2 

B.5 Differential equation for case 111 

Pick super- vector spaces W, X, Y, Z and a locally finite f)-module P, as well as maps / : 
X <g> P -> and g: Y*Z = U(\])®Y®Z^W. We need to compute the four-point 
block 



P(x) := 







z 




p 


y 



/;1 5; z 



(B.49) 
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Figure 5: Branch cut convention for currents in the presence of three twisted insertions 
a(l),T(x),a'(0). 

To obtain the Knizhnik-Zamolodchikov equation in this case we need a second trick, due 
to |DFM5 , Zaj . Namely, we will compute the four-point block with an additional insertion 
of a(z) in terms of blocks without current insertions. Let 



c(z) := (a*\a(l)Q(a(z)r(x)a'(Q))} 



(B.50) 



where Q is a polynomial in the zero modes, a*, a, a' are ground states and r £ Y has the 
property that a m r = for all m > |. The choice of branch cuts for c(z) is shown in Figure 
|. Let 

u{z) = y/z(l - z)(z-x) (B.51) 

have the same choice of branch cuts as c(z) and be positive for z £ (x, 1). Then the function 
(p(z) = u(z)c(z)/(z — x) is a holomorphic function on C \ {x}. There is no singularity at 
since a' is a ground state and u(z) ~ (const) • z*. For the same reason, there is no 
singularity at 1. At x the asymptotic behaviour is 

= (x(l-x))^ - S< " Z ~ ^ +1(1-23?) (x(l-x))~*-s(z-x) + 0({z-x)$) . (B.52) 
On the other hand, since 



/ \ / \ SyZ X ) S\Z CC ) _ , , \i\ 

a{z)T{x) = • a it H — ■ a_ir + 0{(z — x)*) 



[z — X) 



z — X 



(B.53) 



we see that the asymptotic behaviour of ip(z) close to x is (the insertion points are omitted 
for brevity) 



(p(z) 



+ 



(x{l-x)Y \{l-2x){x{l-x)y r , , 

{z _ x y + —W WQ(h t )°) 

(x(l — x)j 



z — X 



z — X 



(a*\a Q (a_iT)a') + r}(z) , 



(B.54) 



where r](z) is now regular at x, i.e. it is a holomorphic function on C. For z — > oo, the 

1 3 

leading behaviour of u(z)/(z — x) is z^ and that of c(z) is z~? (since {a*\aiaQTa') is the 
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most positive mode which contributes). Thus ip(z) goes to zero as z — > oo, and therefore 
also f](z). It follows that rj(z) = 0. Altogether, 



C{Z) = L(z)(z-x) + 1( " laQ ^ T)a) 



u(z) 

On the other hand, 



(x(l — x)) 2 

+ V , , ■ K|aQ(a_iT)tx') . (B.55) 



c(z) £ = (a>(l) (Qa ) (r(x)a'(O))) . (B.56) 

»<|«|<i 



To compute the same contour integral in ( |B.55| ) we will need 

u{z)-^ ^ £=> tf-n r (, ( i _ z){x _ ^ 



x<|z|<l 



( 2) 2 r 1 rft = = lR{x) . (B.57) 

7o J(l-^)(l-x^) * 



W J v /(l-t2)(l_ xt 2) 

In step 1, the factor of —2 arises from collapsing the contour to the interval (0,1): the 
upper contribution gives a minus sign from the change of integration direction and the 
lower contribution has to pass through the branch cut, giving a relative minus sign which 
compensates the sign from the change in integration direction. The factor of —i arises 
since by the choice of branch cuts for u(z) in Figure [5], for z 6 (0,x) we have u(z) = 
i\/ (z(l — z)(x — z), where the square root on the right hand side is real and positive. In 
step 2 the substitution z = xt 2 was made. K(x) is the complete elliptic integral of the 
first kind. Since -j^,u{z)~ l = | (z — x)~ 1 u{z)~ 1 , we can also conclude that 

{z - x)- 1 u{z)- 1 £. = lK'(x) . (B.58) 

'a!<|z|<l 

Putting these ingredients together provides us with the relation 

f {x{l-x))~^(a*\a{Qa Q ) (ra')) = (a*\aQ (ai_r)a') ■ 2^(^(1 - x)*K(xj) 

+ (a*\aQ(a_ir)a') -x*(l -x)*K(x) . (B.59) 

Iterating this relation gives, for a" also a ground state, 

\{a*\a{b_,a_,_a")a')) = {a*\a (b a ) a" a')) 

?*; \iJ, J V l^V)) . (B.60) 
xi (1 — x)*K[x) 
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From the above equation for conformal blocks we can read off the differential equation for 
( B.49|) . Namely, for E an endomorphism of Ind(P) abbreviate 

H(E; x) := P gs o V(f; 1) o (id x ® E) o (id x <g> 1%; x)) . (B.61) 
and G(x) = and recall the expansion ( |B.33|) for L_i. Then ( E.60|) becomes 

* , x tt 2 /8 , nu s I sdim(h) G'(x) 

aa x(l — xjiv (xj 2 G(x) 

A solution to this first order differential equation is 

sdimff}) 

F(x) = #(id; x) = 2 • / o exp(- f ^=£) . n <*0) 

o {id x ® (flo (1 ®idy®z))} • (B.63) 
The only non-trivial point in verifying that the above function is a solution is the identity 

± W-*) = -J± (B64) 

dx K(x) x(l - x) K(x) 2 ' { ' J 

which in turn follows from Legendre's identity for the complete elliptic integrals of the 
first and second kind ||AS| , 17.3.13]. To establish that ( |B.63| ) is indeed the solution we are 
looking for, we need to verify the asymptotic behaviour. From ( |3.62|) we know 

F{x) ~ x""^ • / o exp((| ln(x) - ln(4)) • o {id x ® (g o (1 ® id Y ®z)) } ■ (B.65) 
To find the asymptotic behaviour of ( |B.63| ) use | |AS| , 17.3.9 & 17.3.21] 

K{x) = | 2 Fi(|,|;l;x) = f (l + fx + 0{x 2 )) , 

g(x) = exp(-7rJC(l - x)/K(x)) = § + 8(^) 2 + 0(x 3 ) . (B.66) 

The expansion for g(x) implies —~K(1 — x)/K{x) = | ln(x/16) +0(x), so that the asymp- 
totic behaviour of ( |B.63| ) for x — )■ reproduces ( |B.65| ). This concludes the description how 
case 111 in Table [l] was found. 

Example B.2. In the two examples treated in Section 3~2", the four-point block F(x) in 
( p.63| ) specialises as follows: 

(i) Single free boson, f) = C 1 ' : Take P to be the one- dimensional ^-representations P = C p 
for some p £ C and take W = X = Y = Z = C 1 ' . Then fi^ 11 ) acts on P as p 2 and we find 

F{x) = (const) • (x(l - x))~* K(x)~^ g(x)^ 2 . (B.67) 
This matches |Za| , Eqn. (1.1)]. 

(ii) Single pair of symplectic fermions, f) = C ' 2 : Take P — U(§) and once more W = X = 
Y = Z = C 110 . Then fi( n > squares to zero on P and the exponential sum terminates after 
two terms: 

F(x) = ( const i) • (x(l — x)) 4 K(x) + (const2) • (x(l -x)Y 4 K(l -x) , (B.68) 

in agreement with the two linearly independent solutions to the level-two null vector con- 
dition, see |[Kaul| and | |GK| Eqn. (E.9)]. 
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Evaluating case 111 for descendent states 

Take W, X, Y, Z and P be as in the previous section, let a, a' , a" be ground states and let 
r* G IndtwfW)' have the property that r*a m = for all m < —\. For Q a polynomial in 
zero modes set 

d{z) := (r*\a(l)a(z) Q (a"(x)a'(0))) , (B.69) 

with choice of branch cuts as in Figure |5|. Recall the function u(z) from (p.51| ). Since 
a, a', a" are ground states, the function ij){z) := u(z)d(z) extends to a holomorphic function 
on all of C. From the choice of branch cuts we see that for z > 1 and real, u(z) = 
—i\J z(z — l)(z — x), where the square root is real and positive. For large z we have the 
expansions 

3 1 1 

u{z) — —i ■ z* + \{x + 1) • + 0(z~z) , 
d(z) = z~^ ■ A_ + 2ri • A + + 0(z~i) , 

ij)(z) = -iz ■ A. + i(x + 1)A- - %A + + O^ 1 ) , (B.70) 

where A± = (— l)l°"ll a l(r*|a_ t icr(l) Q (a"(x)a'(0))}. Since ip(z) is holomorphic on C, the 
0{z^ 1 ) contribution is actually zero, so that we have expressed ip in terms of A±. 

Next we want to remove the z-dependence via integration along a contour enclosing 
(0, x) as in ( B.56 ). For this we need the integral 



zu^z)- 1 ^= 2 -{K{x)-E{x)) , (B.71) 

S<|«|<1 

which follows by writing z = 1 — (1 — z). Up to the factor of pi over two, the contour 
integral of (1 — z)/u(z) produces the complete elliptic integral of the second kind, E(x) = 
J \l-xt^/(l-t^dt. 

Dividing the identity we found for ip{z) in ( |B.70| ) by u(z) and integrating as in ( |B.56| ) 
gives 

f(r*\a(a Q)(a"a'))) = K(x)-A + +(^K(x)-E(x))-A_ . (B.72) 

From this we can formulate an identity satisfied by the composition of twisted vertex 
operators. To this end define a version of H(E, x) as in (p.61| ) but without the projection 
to ground states, 

J{Q- x) := V(f; 1) o Q( 2 ) o (id x ® V(g; x)) : X ® Y ® Z Ed^(W) . (B.73) 
Then, if r* G Ind tw (W / ) / satisfies r*a m = for all m < —\ as before, we obtain 

f T*J(a Q; x) = K(x) ■ T*a ( pJ{Q; x) + (^K(x) - E(x)) ■ r*a W L J(Q; x) . (B.74) 
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